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Abstract

Based on a model Hamiltonian appropriate for the description of fermionic systems such as semiconductor lasers, we
describe a natural asymptotic closure of the BBGKY hierarchy in complete analogy with that derived for classical weak tur-
bulence. The main features of the interaction Hamiltonian are the inclusion of full Fermi statistics containing Pauli blocking
and a simple, phenomenological, uniformly weak two-particle interaction potential equivalent to the static screening approx-
imation. We find a new class of solutions to the quantum kinetic equation which are analogous to the Kolmogorov spectra
of hydrodynamics and classical weak turbulence. They involve finite fluxes of particles and energy in momentum space and
are particularly relevant for describing the behavior of systems containing sources and sinks. We make a prima facie case
that these finite flux solutions can be important in the context of semiconductor lasers and show how they might be used to
enhance laser performance. © 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction and general discussion
1.1. Background

Gaining a good understanding of the relaxation processes of many particle (or many wave) systems is a difficult
task. A successful approach requires many ingredients. First, one must make approximations concerning the relative
strength and uniformity (in momentum space) of the nonlinear coupling. Second, one needs to understand how the
infinite hierarchy of moment equations can effectively decouple and give rise to a closed kinetic Boltzmann equation
for the redistribution of particles (waves) and energy in momentum space. One of the goals of this paper is to show
that one can indeed, as one can do for classical systems, derive the quantum kinetic Boltzmann equation in a
self-consistent manner without resorting to a priori statistical hypotheses or cumulant discard assumptions. Third,
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systems are rarely in isolation and frequently involve sources (some instability or forcing that injects particles and
energy, often at specific locations in momentum space) and sinks (regions of absorption of particles and energy).
Moreover, and in analogy with hydrodynamic turbulence and classical wave systems, the presence of sources and
sinks dramatically changes the nature of the equilibria reached by the quantum kinetic equation. A second and major
goal of this paper is to describe these equilibria and show how they can affect the output of semiconductor lasers.

Fermionic quantum systems have been studied intensively for more than five decades. Many theoretical approaches
(see, e.g., [1-14]) have been developed but the common feature of all is the derivation of the quantum mechanical
Boltzmann kinetic equation (henceforth referred to as the quantum kinetic equation or QKE) which describes
the evolution and relaxation of the particle number, (azak), due to collisions. It is the analog of the classical
kinetic equation (KE) of wave turbulence (see, e.g., [15]) and its natural quantum extension to boson gases. The
QKE accounts for phase space blocking effects (Pauli exclusion principle) and is equivalent to what one would
obtain by treating the scattering cross-section using the second Born approximation. Examples of variations of
this equation and its derivation include the Lenard-Balescu equation which accounts for dynamical screening
effects (see, e.g., [7,8]). Other extensions include generalized scattering cross sections, such as the exchange effects
(crossed diagrams), as well as T-matrix effects (see, e.g., [2,9]). T-matrix approaches are especially important in
systems that allow for bound states. Further generalizations of the quantum Boltzmann equation are the various
forms of the Kadanoff—Baym equations. The most general Kadanoff-Baym equations are two-time equations which
describe charge-carrier correlations consistently with relaxation dynamics. The Markov approximation, which is the
lowest-order gradient expansion with respect to macroscopic times, yields the familiar form of the Lenard-Balescu
equation, and the additional static screening and small momentum transfer approximation yields the Landau kinetic
equation. In contrast to the slow relaxation dynamics for which the Kadanoff-Baym gradient expansion is applicable,
recent investigations have addressed the issue of ultrafast relaxation and the related problems of memory effects
as contained in the Kadanoff-Baym equations (see, e.g., [11] and all references therein) and in the generalized
Kadanoff-Baym equations of Lipavski, Spicka, and Velicky (see, e.g., [12-14]).

In all the derivations, the principal obstacle to be overcome is the closure problem. Due to the nonlinear character
of the quantum mechanical Coulomb interaction Hamiltonian, the time evolution of the expectation values of two
operator products such as (aZak) is determined by four operator expectation values (azlazzak3ak4). The problem
compounds. The time evolution of the N operator product expectation value is determined by (N + 2) operator
expectation values and one is left with an infinite set of moment operator equations known as the BBGKY hierarchy.
The closure problem is to find a self-consistent approximation of this infinite hierarchy which reduces the infinite
set of coupled equations to an infinite set of equations which are essentially decoupled. To do this, one needs to
make approximations and these almost always involve the introduction of small parameters.

In what follows we introduce one such small parameter, the relative strength €,0 < € « 1, of the coupling
coefficient Ty, k., in the system Hamiltonian (V = d-dimensional system volume)

v t
= (27)‘1 dk hwkakak

V3o
/ dk; dk; dK; dKy Tik, kok; @4}, Gk, @k, 5(k + Ky — Kz —ks). (1.1)

+ (2m)3d 2

By relative, we mean the ratio of Ty, x,k; to wy. In other words, the linear response of the Hamiltonian is dominant
over short times. This is not a trivial approximation because in order to develop a consistent asymptotic closure we
need Tix, kok; t0 be small compared to wy uniformly in k. There are many important examples where this is not
the case. For instance, for the classical nonlinear Schrédinger system (see, e.g., [16]), which describes the weak
turbulence of optical waves of diffraction in a nonlinear medium, w; k% and Tik, joks = af (47?), where a
is a positive (negative) constant for the focusing (defocusing) case and it is clear that the ratio of Tyx, ik, 10 wy



Y.V. Lvov et al./ Physica D 121 (1998) 317-343 319

increases dramatically as k — 0. This has real physical consequences. The asymptotic closure for the classical
case, analogous to one we are about to derive for fermions, whose central feature is the classical kinetic equation
describing resonant four-wave energy exchange, is only valid when the particles and energy are at finite k values.
But the dynamics of the classical kinetic equation are such that most of the energy travels to a sink at large k and
most of the particles and some energy travels to low k. Unless there is a strong damping near k = 0, the flow of
particles and energy towards k = 0 will trigger collapsing filaments in the focusing case or build condensates in the
defocusing case. In either case, unless there is strong damping near k = 0, the weak turbulence theory of four-wave
interactions breaks down. Likewise in plasmas and highly excited semiconductors, while the frequency wy is ak?,
the bare coupling coefficient Ty, ik, behaves as 1 /k? reflecting Coulomb interactions. Again, even though the
carriers may be initially excited at k values much greater than zero, the natural dynamics of either the classical or
quantum kinetic equations will lead to particle deposit at small k. However, in both of these cases, there is another
effect which modifies the Ty, ,k, and brings the theory closer to the nonlinear Schrddinger case. The physical
origin of this effect is screening and it is manifested as a weakened potential at long distances or small k values.
The modification is a renormalization of the coupling coefficient Ty, i« near k = 0 which effectively cancels the
singularity, or equivalently replaces k2 by (k2 + x2)~!, where « is the inverse screening length. This is the small
k limit of the dynamically screened effective interaction in the Lenard-Balescu approach (see, e.g., [7]). In this
paper, we do not take issue | with the self-consistency of this approximation because we will be introducing a sink
at small k values (greater than «) which remove the potential danger in the non-uniformity of the ratio of Tk, k,k, to
wy. This is not at all artificial. The sink is, in the semiconductor laser context, nothing other than the lasing output.
In what follows, then, we assume that in the k regions of interest, the ratio of T, ik, t0 w is uniformly small.

There are essentially two reasons for the successful closure of the hierarchy over long times (asymptotic closure).
First, to leading order in ¢, the cumulants (the non-Gaussian part) corresponding to the expectation values of
products of N operators (N > 2) play no role in the long time behavior of cumulants of order r < N. This is a
consequence of phase mixing and due to the non-degenerate nature of the dispersion relation w; = w(|k|). In fact,
we will find that these (zeroth order in €) cumulants slowly decay. The net result is that the initial state (subject to
certain smoothness conditions) plays no role in the long time dynamics. Second, and more important, the higher
order (in €) contributions to these N-operator cuamulants, which are generated directly by the nonlinearities in the
system, are dominated by products of lower order cumulants. Some of these dominant terms are supported only
on certain well-defined low-dimensional (resonant) manifolds in momentum space. These are responsible for the
redistribution of particle number among the different momentum states and for the slow decay in time of the leading
order approximation to the cumulants of order N > 2. The other dominant terms are non-local and lead to a
nonlinear frequency renormalization of wy.

As aresult, we are led to a very simple and natural asymptotic closure of the BBGKY hierarchy.

1.2. Brief discussion of principal results

Here we list and briefly discuss the main results of this article.

1. We systematically derive evolution equations over long times € 2, of the order of the inverse square of the
coupling strength, for the leading order approximations of all Nth order cumulants N > 2. The first of these is
the QKE, a closed equation for the particle number, and is consistent with what one obtains using the Hartree—Fock

! The strong analogy with the nonlinear Schridinger equation would suggest that the question of the self-consistency of the quantum
weak turbulence theory without small X damping might be revisited.
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approximation# when one takes proper account of the frequency renormalization to order €2. The remaining
equations for the leading order behavior of the higher order cumulants decouple and can be solved by a simple
renormalization of the frequency which depends only on particle number density. The first correction is the
well-known Hartree—Fock self energy correction whereas the second correction is new and moreover complex.
The sign of the imaginary part of the latter is positive definite as the particle number approaches an equilibrium
solution of the QKE. As a result, the leading order contribution to the cumulants of order N > 2 (which contain
information on the initial state) slowly decays. Not so the higher order corrections. We obtain specific expressions
for these and show that they contain terms with cumulants of higher order, products of cumulants of order N with
products of particle number and products simply containing particle number alone. Only the latter two types of
terms exert a long time influence and it is this fact that leads us to a natural asymptotic closure of the hierarchy.

2. The connections with classical systems and boson systems are discussed. By analogy with results obtained in
the case of the classical kinetic equation, we introduce a new four-parameter family of steady (equilibrium)
solutions for the QKE. The four parameters are temperature T, chemical potential u, particle number flow rate
Q and energy density flow rate P. When P = Q = 0, the equilibrium solution is the well-known Fermi-Dirac
distribution. For either P or Q non-zero, the distributions are the analogs of the Kolmogorov distributions of
classical wave turbulence, in which particles (energy) flow from sources at intermediate momentum scales to
sinks at low (high) momentum values.

These solutions have not been considered in the fermionic context before. It turns out in fact, in contrast to the
pure Kolmogorov solutions (for which @ =0, P > 0, or P = 0, Q > 0) that the relevant equilibrium solutions
of the QKE which describe (a) the finite flux of particles and a little energy between intermediate momenta at
which the system is pumped and a sink at low momenta and (b) the finite flux of energy and a few particles
between the intermediate momenta and the energy dissipation sink at high momenta, involve spectial relations
between Q and P. These solutions are also new for the cases of classical wave turbulence and boson systems.

3. Again by analogy with the classical case, we introduce a simple, local approximation to the collision integral
in the QKE which gives excellent qualitative results. This is known as the differential approximation (see, e.g.,
[16-18]) and is strictly valid only when the principal transfer of energy and particles is between close neighbors
in momentum space. Its most important feature, however, is that it allows us to explore both analytically and
numerically the behavior of the collision integral and thereby gain a clear qualitative picture about the nature of
its steady (equilibrium) solutions.

4. We briefly examine the relevance of these results in the context of semiconductor lasers using a simplified model
which assumes that any relaxation due to carrier—phonon interactions is negligible with respect to carrier—carrier
interactions. We suggest that it may be advantageous to pump these lasers in a fairly narrow momentum window
whose corresponding frequency is greater than the lasing frequency and allow the finite flux steady (equilibrium)
solutions to carry particles and energy back to the lasing frequency via collision processes. Indeed we show that,
at least for the model we use, this strategy is more efficient than pumping the system across a wide range of
momenta as it is currently done. Indeed, in several numerical experiments, for equal amounts of energy pumping,
we find that the laser turns on when the finite flux equilibrium is excited but fails to turn on under broad-band
pumping. When the pumping is increased so that the laser turns on under the latter conditions, the output power
is significantly smaller than that emitted when the finite flux solution is operative.

2 Here, we use the term Hartree—Fock approximation in the commonly used sense, which is not identical to the strict meaning of a
quantum systemn with a Hartree—Fock wave function. In the latter, scattering and correlations are excluded.
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2. Systematic derivation of the kinetic equation and evolution equations for higher order cumulants
2.1. Basic definitions and evolution equation

We start from the Hamiltonian (1.1) of a spatially homogeneous system of particles with binary interactions.

Here, ex = hwy is the energy level of momentum state k (e.g., in semiconductors, the parabolic band approximation

is given by w; = akz) where k is a d-dimensional wave vector, and az, a; are fermionic creation/annihilation

operators fulfilling the anticommutation relations,
T Yo s o e —
aia; +a;a; = 3, aia; +aja; = 0. 2.1
We include the size of the system in the definition of the interaction matrix element 773 34. We introduce for

convenience the short hand notation: k; = 1, (V/(27r)d) dk; = dl, and ((27!)‘1/ Sk +ky — ks —ky) = 63&,
# = 1. The Hamiltonian now reads

[
H= f dlwajar + 5 / d1234Ty 34a] a}azass}s.

If one interchanges the indices 1 and 2 or 3 and 4 in the above expression and uses the fact that the Hamiltonian is
Hermitian, the following properties hold:

T34 = —T2134 = Ty 43 = Tj3 9.

In the Heisenberg picture, the equations of motion are

ar =i[H.a]l- =i(Ha —aH) 2.2)
which give

a} = ioga) +i f T2, 10a)aya 813 d123 2.3)
and

ar = —ianay —i / Tor.23a] apa38)s d123. (2.4)

From the Heisenberg equations of motion, one can now derive the BBGKY hierarchy of equations for the normal
ordered expectation values. The first three are:

d
am=ﬂm/mﬁ%m%mw, (2.5)

d .Y .
aN1/2/3’4' = iA}3 Ny +i / d123(T3. 11/ (N323 48y — Nxgz13a)81y

2 32 ¥ 32
+ T32.12’N1'3213/4'3?2/ — T3y 23N1212340873 — Tar1,23(N122387 — Ni1323)874), (2.6)

K +K) — ki —k; =0,
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d . 11 .
aN 1ryase = lAifgfnglfz/ws'@ +1 / d123[Ts2.11 8y N3oyarse — 83 Nagpwrsiey + Nayyiase)8ie

+ T32,1% (331/ Nynaseg — N 1’323’14’5/6’)6?%
+ T 13 Nvomwse 81y — Tan 3Nvay 1356833 2.7
— T51,03(84 Niry3aze — Nl’2’3’14’236’)8§;l
= T¢1.23 (3§1N y2ya2s — Sy Niyysas + N 1'2'3'14'5'23)52/31],
| +Kkj + ki — K, — kg + kg =0,
where
A%i = (wx, + Wi, — Wy — Wiy), A}ég = (g, + Wi, + Wiy — Wy — Wis — Wk)- 2.8)
Here, the expectation value is taken with respect to an arbitrary initial state @, i.e.,

p(k)8} = (Plajar|®),  Nizs = (Plajajazas|®),

N — @latatal o N — @latalalal o 29
123456 = {Pla,a,aza4as5a6|P), 12345678 = (P la,a,a3a4a5a6a7a3|P).

In the definitions of these 2m (m = 1,2, ...) order expectation values, the first m indices correspond to creation
operators and the last m indices correspond to annihilation operators. The number of creation and number of
annihilation operators are equal to each other because the Hamiltonian (1.1) conserves number of particles. The
fact that the right-hand sides of (2.9) are zeroon k; + ko — k3 — ks =0, ki + ko + ks — ks — ks — ks =0,
respectively, is a direct consequence of the spatial homogeneity of the system. This means that the Nth order
moment of the spatially dependent field operators v T (x ), ¥ (X;), the generalized Fourier transforms of the creation
and annihilation operators aT(kj), a(k;), depends only on the relative spacing; i.e., on the differences of the
coordinates x;, j=1,...,N.

2.2. Cumulants and their evolution

Let us define the cumulant of the N product of spatially dependent field operators ¥ (x;), j =1,2,..., N,tobe
the moment of order N from which the appropriate combinations of products of lower order moments are subtracted
so that the resulting expression has the property that it decays to zero as the separations x; — X; become large. The
Fourier transforms of these cumulants are therefore well-defined and these are the objects p(k), P1234, ... with
which we deal. Moreover, if the statistics are exactly Gaussian (namely, Hartree—Fock like), then all cumulants of
order N, N > 2, are zero. Because these weakly interacting fermionic systems relax to a near Gaussian state, the
cumulants are the most convenient dependent variables.

For the two- and three-particle functions we define the fourth and sixth order cumulants Pj334 and ©Q123456,
respectively, by

Ni23s = p102(838; — 8283) + P1234835 (2.10)
and
Nizsass = p102p3 - (83 (8288 — 835%) + 62(8284 — 635%) + 82 (8167 — 8}82))
+ 03[+ P125603057 — Pr24sd28 42 + Pr2asdadis]
+ p2[—Pi35683055 + P13a683843 — P13asd2dia]
+ pi[+Pr356838%; — Pr3asdsdze + Praasdedas + Qisasedszal. (2.11)
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The expressions are analogs to what one would obtain in the classical case. There, the symbols ¢ and a are complex
numbers (as opposed to operators in the quantum case) and one defines the cumulants by expanding the fourth order
moments into all possible decompositions; namely

(atalasas) = {afas}(a3as}bis] + (afas}lalas)8,635 + lafa}azas}di], (2.12)

where angle brackets denote moments and curly brackets denote the corresponding cumulants. In the classical case,
it is consistent, but not necessary (one can keep the other terms and discover that they play no essential role), to set
all correlations such as {a] a3} and {a3a4} equal to zero. In the quantum case, one also decomposes (P |a;a§a3a4 |P)
into products of all possible decompositions. Again, it is consistent, but not necessary, to set terms such as {a?ag}
and {a3as} equal to zero. The resulting decomposition should be consistent with the anticommutation relations
(2.1), from which follows that N334 = —N3j34. Therefore, certain terms (e.g., p1p2638;) are negative in (2.10),
(2.11).

A general algorithm for the decomposition of the N'th order expectation value is given in Appendix A.

Having defined the higher order cumulants, we can now write down the evolution equations for the cumulant
hierarchy. For the purpose of deriving the QKE, it is sufficient to consider only the equations for p; and P)234. To
obtain the frequency corrections to order €2 (¢, 0 < € < 1, is a measure of the strength of the coupling coefficient),
we need to consider contributions coming from the equation for Q123456. In carrying out the analysis on g, P1234
and Q|23456, one finds, just as in the classical case, that certain patterns emerge which allow one to identify the
terms in the equations for the cumulants of arbitrary high order that gives rise to long time effects. Taking account
of these terms gives expansions (2.16) and (2.17) which will be discussed in Section 2.3. In this section we only
write down equations for p; and P334. They are

d

apko =2Im f T01.23P01235(2)3]’ d123, (2.13)

where Im denotes the imaginary part and the symbol zero denotes k, and

d Lo~ X . SR Y
q vy = 1AYs Proya — (Prpy + prpy)(638) — 8463)

+2iTyy 213 pa (1 — p2r — prr) + 2iTyy 2y pr pr (o3 + par — 1)

+i/d123[T32,|1'P323'4'5;}_r3f12r ~ Ty 23Pr22383, 83y

— T - (p§(+7’323f4/512/ - 7’3214'55 + 733213'52:)

+ 02 (Py 1483 — Pypv82) + p3(— P18y + Par138}) + Qaz1ya)dis
+ 3212 - (02(—Py31a8% + Prra1zd3) + p3(+7’1/214/5§/ ~ Pro1y83)

+ P} (+Pyozard) 7’3214/531: + Paarysh) + Qi3134)81y

— Ty1.23(01 (+Pry23dly) + pé(—Pv134'3§( + 7’1'124'5% - 7’1'12355)

+ 0 (+7’2/134/52'/ - 7’2'124'8§' + 7’2'12351) + Q1 1234)873

+ T1,23(p1 (+Pr22383) + 05(—P11238% + Prr1338% — Prr13283)

+ 0] (+732/1235§/’ — Pr1338) + Pr13283) + Qi21323)804], (2.14)
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on ki’ + ky = ky + kg, and the Hartree—Fock self-energy is
AlZ = o1y + 0y — 0y — oy + 2_/d1((T1'1,11/ + gy = T3z = Ty aa)ng).

At this stage, it is worthwhile pointing out precisely those terms, underlined in (2.14) that give rise to the various
long term effects:
1. The terms that give rise to particle number transfer in the QKE are

2iTyy 21y oy (1 — pr — p11) + 2iTyy 21 pr py (03 + py — 1).
The reason is that when one solves for Pj234, one obtains an expression which contains this term multiplied by
t
AAlZ) = / drexplial = GALZ)exp (ALZn — D).
0

In the fong time limit,
1
lim A,(x) =msgnt-8(x)+iP (—) .
t—>00 X

Under the operator Im in (2.13), the delta function is counted twice, and the principal value term cancels. The
observant reader will notice that the QKE can be effectively derived by simply ignoring all terms in the equation
for Py (except iA;:i;Pyz/g,w) proportional to cumulants of order greater than 2. In the literature, this is
called the Hartree—Fock approximation. What we show in this paper is that, for the magnitude ¢ of the coupling
coefficient uniformly (in k) small, the Hartree-Fock approximation is indeed self-consistent when one takes
proper account of the frequency renormalization to order €2,

2. The order € renormalizations to the frequency come from the decomposition of sixth order moments such as
N 112/13f23612f, in (2.7). These give rise to terms in the equation for Pyy34 which are proportional to Pjror3a
itself. Indeed one obtains one such contribution from each of the sixth order moments in (2.7) leading to an
expression in the equation for P34 equal to

2i/d1(T1'1,11' + 10 — T30y — T4 ot

When added to the frequency factor i(wy: + wy — w3 — w4), we obtain the term denoted by Aﬁ: in (2.14). It is
not too difficult to see that, in the equation for every cumulant Q y, there is a term proportional to

N
iy Y (wj +2/ Tj11j01 dl) ,
i=l

and this gives rise to the first contribution in the renormalization of the frequency (2.22). In the literature, ﬁ;:ﬁ:
is called Hartree—Fock self-energy for fourth order averages.
3. The order € terms in the renormalization to the frequency arise from the terms

i/(T32.11'Q322'13'4/5f%/ + T32,12'Q1'3213’4'5f§ + Ty 23 Q121239 + T3/1,23Q1'2’13/235%§/) d123 (2.15)

containing the sixth order cumulants in (2.14). The equations for the sixth order cumulant contain, in addition
to terms proportional to a product of lower order particle number densities, terms proportional to Py-p:34 with
a factor containing px (1 — pi).
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4. All other terms are integrals which contain highly oscillatory factors which, because of the Riemann-Lebesgue
lemma, contribute nothing in the long time limit.

2.3. Asymptotic expansions and closure

We take advantage of the small parameter, the strength € of the coupling coefficient and make the formal substi-
tution 713,34 — €T12,34. We expand all cumulants Q » in an asymptotic expansion

Qr=p =m+€0y) +€20P +--- (2.16)
and
On(ki, ko k3. . kyst) = Q(O) +€Q(1) +62Q(2) N > 2. 2.17)

Owing to resonant interactions, these asymptotic expansions will be non-uniform in time. Namely, terms proportional
to ez, €2t, etc. will appear in Q y. These terms are removed and the asymptotic expansions (2.16) and (2.17) rendered
well-ordered by allowing corrections to the time dependence of the leading order cumulants ny, QS\(,)), N > 2. We
make the ansatz

3
% =2FP 4., (2.18)
0
a0
lai =it ot~ “’N)Q(l(,)% ..... N +6F(1) N +621[71(22) ..... Nt (2.19)

and choose F. (2), F 1&,1), F ,E,Z), ..., N > 2, in order to keep (2.16) and (2.17) asymptotically uniform for times
Wit = 0(6_2) Eqgs. (2.18) and (2.19) describe the long time behavior of the system.

This method goes by many names, averaging, multiple timescales, etc., familiar to nonlinear physicists (see, e.g.,
[3,19-21]). It will turn out that F2(2) depends only on ny itself leading to a closed equation for the particle number,
the QKE. It will also turn out that F W F (2), N > 2, are simply products of Q(O) with a function of nj, which
is the symmetric sum of N components. This means that the resulting equations (2.19) are easily solved by simply
renormalizing the frequency.

The quantum kinetic equation is given by

3
ok =2 = <4e / |Tor 23 12855 d1'2'3 x (m sgn()8(A%%5))

X (nyny(l —ny —ng) + ngny(ny +ny — 1)) s (2.20)
where the Hartree—Fock self-energy is
A~:1;'42y =y +wy — 0y —wy + Z/dl((Tm,n/ + i1y — T3y — Tataa)nn)-

From the form of (2.20), it is clear that number density is redistributed by binary particle collisions which satisfy
momentum and energy conservation. In particular, exchange of particle number (momenta, energy) is associ-
ated with particles whose momenta and energies lie on the resonant manifold defined to a good approximation
by

ki +ky — ks — ks =0, W, + Wiy — Wz — Wi, = 0. 2.21)
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N can be written

amQy N/ 4

----- —_ N *
— = Z.Q, | Z 271,

i=1 i=N/2+1

Q2 = wp + 26/(11 ni Ty v + 262/d123 (n1 +nan3 —nn3 — nny) |Tk/|23|2312‘él

« (p[= + i sgn()8 (A% (2.22)

AKT & 23) ] 22
23

which can be interpreted as a complex frequency renormalization.
We can calculate the sign of Im 2 once ny reaches its steady (equilibrium) state. For steady state 71z = 0 we
rewrite the QKE (2.20) as 3

/ |T01’,2’3'|238f13// d1'2'3’ x (z sgn(t)S(dg};,))(nzfny —nyny —npny +ny)
1 , cor’
= f | Tov 2312895 d1'2'3 x (m sgn(1)8 (A5 ) (nymy (1 — nyr)) = 0. (2.23)

The left-hand side of the above equation is the imaginary part of 2. Observe that, because Im £2; > 0, the leading
order approximation to the Nth (N > 2) order cumulant decays with time. This means that the memory of (smooth)
initial states is gradually forgotten.

We want to make two very important points which are often overlooked. While the leading order contributions
(which at ¢+ = 0 is the initial state multiplied by an oscillatory factor) to the Nth order cumulants for N > 2
play no role in the long time behavior of the system and indeed slowly decay, higher order (in €) contributions
do not disappear in the long time limit. The system retains a weakly non-Gaussian character which is responsible
and essential for particle number and energy transfer. For example, in the long time limit, the order € fourth order
cumulant has the quasi-stationary contribution (the terms with higher order cumulants asymptote to zero by means
of phase mixing and the Riemann-Lebesgue lemma)

Pllyyy(t) = 2iTyy oy (nyny (1 — ny —ny) + nyny(ny +ny — D) x A(A45), (2.24)

where

Ar(x) =/dr explixt].
0

Because lim;_, oo A;(x) = w sgnt - 8(x) +iP(1/x), in the limitt — oo,

1 . ~1151 . 1
Py (1) = 2iTwy yy(nyny (1 — ny — np) +nyny (ny + ngy — 1)) (n sgnt - 8(AL2) +iP (Tﬁ» .
3/4/

Thus, in the long time limit, the order € contribution Pl(% 4 to the fourth order cumulant is not smooth but is given
by a sum of generalized functions represented by the Dirac delta function and the Cauchy principal value. We may
therefore legitimately ask: in what sense is the asymptotic series (2.16) and (2.17) well-ordered if it contains terms
which are products of powers of € with generalized functions? The answer is that to analyze properly the asymptotic

3 Recall that ¢ < n; < 1 as a manifestation of Pauli exclusion principle.
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behavior of the system, we must always revert to physical space and look at the corresponding asymptotic expansion
for the cumulants {7 (r)y T (r')¥ (r")¢ (r'")} connected with fourth order expectation values of the field operators.
These objects, which decay to zero as the separationsr’ —r, ¥’ —r, r” —r tend to infinity, are simply the Fourier
transform of Pyyiri. We can also show that no terms worse than single delta functions occur (or products of delta
functions which have their support on different resonant submanifolds) at later powers of € so that the resulting
asymptotic expansion for the spatial cumulants is indeed well ordered.

The second important point concerns the reversibility or rather the retraceability of solutions of (2.20) and (2.22).
In the derivation of (2.20) and (2.22), we assumed that the initial cumulants were sufficiently smooth so that integrals
over momentum space of multiplications of the initial values of Qx by exp(—i(w) + -+ — wy)t) tend to zero in
the asymptotic limit. However, it is clear from (2.22) that the regenerated cumulants have terms of higher order in
€ which are not smooth and indeed have their (singular) support precisely on the resonant manifold which is the
exponent of the oscillatory exponential. What would happen, then, if one were to redo the initial value problem
from a later time 1 = O(e~2), either positive or negative, after which the fourth order cumulant had developed a
non-smooth part? On the surface, it would seem that the sgn term in (2.22) would be sgn(z — 1) so that, at every time
t1, there would be a discontinuity in the slope of n4(¢). But that is not the case. If one accounts for the non-smooth
behavior (2.22) in the new initial value for PI(QM, then one gets additional terms in (2.22) which give exactly the
same collision integral but with the factor (sgnt — sgn{(t — ¢;)). Adding the two contributions, we find that the
QKE is exactly the same as the one derived in the beginning at ¢+ = 0. It is not that the point r+ = 0 is so special.
Rather, there is a range of times ¢, -2 g Wyt K €2, such that, if one begins anywhere within this range, an
initially smooth distribution stays smooth. But once the limit r — oo, €?r finite, is taken, an irreversibility and
non-smoothness in the cumulants is introduced.

In a very real sense, then, the infinite-dimensional Hamiltonian system acts as if there is an attracting manifold
(an inertial or generalized center manifold in the modern vernacular) in its phase space to which the system relaxes
as wg,t — O(e~2) (in either time direction) on which the slow dynamics is given by the closure equations (2.20)
and (2.22). On this attracting manifold, the higher order cumulants are essentially slaved to the particle number
density and their frequencies are renormalized by contributions which also depend on particle number density. The
attenuation in this case is due to losses to the heat bath consisting of all momenta which do not lie on a resonance
manifold associated with k.

3. Analysis of the Kinetic equation
3.1. Conservation laws, thermodynamic and finite-flux solutions of the kinetic equation

The collision integral in (2.20) has the following constants of motion:

1% 1% h2 k|2
=—— | dkn;, P= hkdkng, €= = dkny, 3.1
@n) / " f " ) / 2m KTk G-D

@m)d

which can be identified as number of particles, momentum and kinetic energy. In spatially homogeneous systems,
P = 0 so that the only relevant constants of motion are A" and &.

In this article we will be dealing with the isotropic case only, and for simplicity, neglect the spin degree of freedom.
Therefore, we simplify the collision integral by averaging it over all angles. First, we change variables from particle
momentum Kk to the particle kinetic energy

h2k?

= ha)k = —5;1—, (32)
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where m is the coefficient of proportionality between wy and hk?/2, and can be associated with (effective) mass of
the interacting particles.
We introduce n,, = n(k(w)) and rewrite the kinetic equation as

) 1
Fry = m[ / fIC(w, W1, W2, W3)Sww wawn
w;>0,i=1,2,3

X 6(w + w1 — w2 — @3)dw; dwy dws, 3.3)

where Sy, 0,0, 1S the angle-averaged potential,

2
Swwjwywy = 47 20(kk1k2k3) 3o do; day ds (| Tiky kpks 1“8 (K + k1 — k2 — K3)). 3.4

The brackets (-) denote averages over unit spheres (including the V/ (2)? factors) in K, ki, kz, k3 space (i.e.,
we have integrated over all angular contributions) and £2 is the surface area of the unit sphere in d dimensions.
Although in our case d = 3, we want to stress that with the above notation the results can easily be extended to
other dimensions, e.g., to d = 2 which is appropriate for the description of semiconductor quantum wells. KC is
the kernel of kinetic equation, which for the quantum (fermionic), quantum (bosonic) and classical cases is given,
respectively, by:
KON (00, w1, w2, @3) = MM (1 = ey (1 = 116)) = Moy, (1 = ) (1 = ),
K%M (), 1, w2, 03) = NNy (M + My + 1) — MM, (M + Ry + 1), (3.5)

K59 (4, w1, 3, 03) = (Ran Ny My + Neoy) = Reoleo) Py + M)
‘We then introduce the particle density per frequency
N, = 20k* 1 (dk/dw)n,,

so that [ N, dw = [ ny dk and

N, = / f / K(w, w1, ©2, ®3)Sww w8 (@ + 01 — w2 — 3) dw dws dws. (3.6)
w,w2,w3>0

One class of steady (equilibrium) solutions of the KE corresponds to the thermal equilibrium. For fermionic systems,
itis given by the Fermi—Dirac (FD) distribution, and for bosonic systems it is given by the Bose—Einstein distribution,

1
nk = 3
exp(Blex —u)) =1
where the plus sign corresponds to the fermion case and the minus sign to the bosonic case. p is the chemical

potential and B is the inverse temperature in energy units. The classical analog of the quantum thermal equilibrium
distribution is given by the Rayleigh—Jeans distribution

3.7

nk) =T/(u+ ). (3.8)

It is easy to check that the solutions (3.7) and (3.8) make the integrand in (3.3) and (3.6) exactly zero in all three
cases.

However, the thermodynamic equilibrium is not the most general steady (equilibrium) solution of the kinetic
equation and indeed in some cases has little relevance. The solutions we are most interested in are those which
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describe the steady state reached between ranges of frequencies where particles and energy are added to or removed
from the system. These regions, where there is no pumping or dumping, are called “windows of transparency”
or “inertial ranges”. In particular, we have in mind the following situation. Particles and energy are added to the
system in a narrow range of intermediate frequencies about wy. Particles and energy are drained from the system
in a range of frequencies about w < wr < wp and for @ > wr > wy. Because of conservation of energy and
particles in the inertial ranges between w|, and wg and between wp and wr, where there is no pumping or damping
and because the relations between particle number N, and energy density £, = wN,,, we will find that a net flux
of energy to the higher frequencies must be accompanied by a net flux of particles to lower frequencies as it might
be expected by analogy with classical wave turbulence. The presence of sources and sinks drives the system away
from the thermodynamic equilibrium. Therefore, in the windows of transparency, oL < @ < wp and wg < @ < wg,
the system can also relax to equilibrium distributions corresponding to a finite flux of particles and energy flowing
through these windows from the sources to the sinks. These are the new solutions of the QKE. The number of such
finite flux solutions corresponds to the number of conserved densities (here two, ny and wyny, or N, and wN,,) of
the QKE.
To demonstrate the existence of such solutions, we rewrite the KE in the following form:

2

. d
Ny, = a_c?W["“’]’

(3.9)
Winel = f f /(w +w; —wy — wB)’Cw2+w3—w,wz,w3 Sa)2+w3Aw.w2,w3 dw; dw; dws,
i

where the integration is over the region 2{w1, w2, w3 > 0, w1 < wy + w3 < w + w;}. This expression can be
checked by direct differentiation.
The relevant kinetic equation, which includes the presence of sources and sinks, is

aN,

32
o = WW["w] + Fy — Dy, (3.10)

where we think of F,, as having its support near v = wg and D,, its support below wL and above wg. We ask if
(3.10) leads to a steady (equilibrium) solutions in the transparency regions wp, < @ < wp and wy < ® < wg,
where F,, = D, = 0 corresponding to a finite flux of particles and energy across these windows. One can readily
associate the quantities

W 8N, 90

¢= do’ it o
and
aw dwN, aP
P=W —w—U, =, 3.11
@ Jw ot dw ( )

with the fluxes P and Q of particles N, and energy E,, = wN,,. Q and P are taken to be positive if they flow
leftward and rightward, respectively. In the windows of transparency, we look for solutions for which N, is constant
in time and then (3.9) integrates to

W= Quw+ P, (3.12)

where @ and P are constants. The two-parameter family of thermodynamic solutions, parametrized by T and w,
is given by solving the homogeneous equation W = 0 for which P = Q = 0. Therefore, the thermodynamic
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Fig. 1. The setup for input—output fiuxes. Carriers and energy are added at wy at rates Qg and wq Qy, respectively. Energy and some
carriers are dissipated at wr > wy (an idealization) and carriers and some energy are absorbed by the laser at wy . Finite flux stationary
solutions are realized in the windows (w|, wp) and (wg, wr) although in practice there will be some losses through both these regions.

solutions carry no fluxes of particles or energy. A more general * steady (equilibrium) solution to (3.9) therefore is
the four-parameter family

nw = nw(T» Il«» P’ Q) (313)

We are particularly interested in the solutions for which Qg particles per unit time and wo Qo units of energy
per unit time are fed to the system in a narrow frequency window about @ = wg. We will assume that the flux of
particles passing through the left (right) window wi, < w < wp (wp < @ < wr) is @1 (Qr) and the flux of energy
through the right (left) window is Pr (PL). We will also assume that the sinks consume all the particles and energy
that reach them. Then (see Fig. 1)

0L-0r=00 F—P=wQ. A=-wlu Ox=-o P (.14)
The first two relations in (3.14) express conservation of particles and energy. The second two express the fact
that, in order to maintain equilibrium, the rate of particle destruction at wg is the rate of energy destroyed there
divided by the energy per particle. Likewise the amount of energy destroyed at wy, (which absorption, in the context
of application discussed in Section 5, will be due to semiconductor lasing) must be wy, times the number of particles
absorbed there. Solving (3.14) we obtain

QL = Qo(wr ~— wp)/(wr — wL), Or = —Qo(wp — wL)/(wr ~ wL), (3.15)
Pr = Qowr(wp — w)/(wr — wL), P = —owp Qo(wr — wo)/(wr — w1). ’

We see that for w;, « wp < g, |Or| € OL = Qo, |PL] € Pr = wpQo so that the solutions are almost pure
Kolmogorov in the sense that almost all energy flows to wr and almost all particles flow to & . However, it is
important to stress that in the left-window, (3.12) becomes

W= 0L(w—wL) (3.16)

and in the right-window

w
W=PFP|[]-— 3.17)
WR
4 On purpose we do not say “the most general solutions”, as there may be some hidden symmetries of the QKE which generate more
purp y 8 y Y| I

conserved quantities and thus more general solutions, corresponding to fluxes of those quantities. The statement that the general KE
with M conserved quantities has “a most general solution” depending on 2M parameters is also not proven yet for the general collision
integral. Remember also that we are considering the isotropic case. This is, of course, an idealization, and generally “drift” solutions may
be of equal importance.
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so that the right-hand sides vanish if the frequency approaches the sink value. This aids convergence in these
windows.

Solutions to (3.16) and (3.17) have not been investigated even in the classical case. In the classical case, Zakharov
(see, e.g., [22,23]) had found the pure Kolmogorov solutions 7 = u = P =0, T = u = Q = 0 which turn out to
have power law behavior n,, = cw™. Likewise, in the bosonic case, several authors have attempted to find power
law solutions which essentially balance the quadratic terms in WPSM¢ with a finite energy flux. However, in the
differential approximation for neither bosons nor fermions are there power law solutions.

In many cases it may be that whenever wr >> wg, wr, may not be all that much smaller than wg. We return to this
application after introducing an enormous simplification for W which gives a very good qualitative description of
the collision integral.

4. Differential kinetic equation
4.1. Derivation of differential quantum kinetic equation

To simplify our analysis, we use an approximation to the kinetic equation known as the differential approximation
(see, e.g., [16-18]). The differential quantum kinetic equation (DQKE) gives qualitatively correct behavior in
general, but is strictly valid only when the particle and energy transfer happens primarily between neighbors in
momentum space. It is easy to verify that it has a four-parameter family of a steady (equilibrium) solutions and it
is easy to identify two of these parameters as the flux of particle number and energy, respectively, and the other
two as temperature and chemical potential. The analytical expressions for the fluxes can be calculated so that, for
any given distribution, the corresponding fluxes may be easily computed numerically. The steady (equilibrium)
solutions can be found analytically in various limits. The DQKE is much more suitable for numerical experiments
than the full collision integral, simply because it is easier and faster to compute derivatives than integrals of the
collision type.

We now demonstrate the derivation of the differential approximation in the fermion case. This result is new. The
results for the cases of classical waves and bosonic systems are given in (4.9). Assume that Sy, wyw, 15 dominated
by its contribution from the region w ~ w >~ wy >~ w3. We call such a coupling coefficient “strongly diagonal™.
Then obviously the integrand of the QKE deviates significantly from zero in the same region. The first derivation
of the differential kinetic equation proceeds as follows [28]. Multiply both sides of (3.6) by a sufficiently smooth
function ¢ () and integrate with respect to w:

/Nwd)(a))da)= f//lC(w,wl,wz,w3)

X So.01.wp.038 (@ + W) — w2 — 03)P(w) dw dw; dw; dws. “.1)

Symmetrize the right-hand side of Eq. (4.1) to get

f Nw¢(w)dw = / / / K(w, w1, w2, wB)Sw.w|.w2.a)38(w +w| — wy — w3)
X 1@ (@) + P(w)) — B(w2) — P(w3)) dw dw| dw; dw. 4.2)

To do this we use the symmetries of the kernel of collision integral responsible for particle number and energy
conservation. Without this symmetrization the resulting kinetic equation would not conserve particle number and
energy. Now make a change of variables w; = w + 4;, { = 1,2, 3, and expand @ in the Taylor series with respect
to A; around w. The first non-zero term in the expansion contains the second derivative @” (w):
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D (w) + P(w+ A1) — P(w+ A2) — P(w+ Al — A2) = (A1 — A2) ArP" (w) + O(A?). 4.3)
We also expand ny, = n, + A;jnl, + Ai2 /2n’ in the kernel jcfermionic (4, o1, wa, w3) of the kinetic equation,

K:fermionic(w’ o+ A, w4+ Ay, w0+ A — Aj)
= (A1 — A Aa(2(1 — 2n4) + npnl (n, — D). (4.4)

We then substitute (4.3) and (4.4) in (4.2), integrate twice by parts the " (w) term to get
. 82
/d(u P (w) |:Nw - ﬁ(”z(l —2ngy) +ngn” wng — 1))
1)

x fdAl dAs So. w0t AlwtAr.otd -4, (A2(Ay — Az))z] =0. 4.5)

Using the arbitrariness of @ we finally get

. 1 1 82 8% (1] o 82 (In( )))
=——— | |n,— | — n,—(n(n
"o = T okd—T(dk/dw) 4 302 |\ 802 \ny ) T 002
X /dA1 dA2 Sw,w+ Ao+ Ag.w+a8—-2,(A2(A1 — Az))z]
Finally, we assume that S,,,,e; 15 @ homogeneous function of its arguments of degree y:

Sew,ew,,eau.ewg = eySwm|w2w3- (4.6)

We define wd; = A;, and rewrite the DQKE as

_ 1 92 s 0% (1 s
Ay = ——-—-—ond_l(dk/dw) m (nww (% wa Z(In(nw))) x I x w s (47)

where [ is the interaction strength,

1
I= Z/d‘Sl d82 S1.148, 1482148 -5, (82(81 — 82))7,

ands =y + 6.

An alternative derivation of the DQKE can be given by applying the Zakharov transformation (see, e.g., [23])
directly to the QKE. The Zakharov transformation is a conformal change of variables which reveals the symmetry of
original collision integral. It transforms certain regions of the integration domain, and in the classical case, makes the
transformed collision integral have a zero integrand for certain power law distributions. The Zakharov-transformed
KE takes the form

. 1 f/' K( " v+3 . wwy ©* oo
) w, W], ), W, ——, —, ——
© = Qokd-T(dk/dw) 1 @2, @3 w7 o w
N (—w—)y+3’C( ,aﬁ,wwz,w(%)-f'(ﬁ)YHIC(w a)a)z’a)an w_2)>
wi w] ] w1 w3 w3 w3 w3
X Swwianw;8(@ + 01 — w2 — 03) dw) dwy dws. 4.8)

We then expand the right-hand side of the above equation in powers of A’s. The first non-vanishing term is of order A%
and can be represented as second order derivative with respect to w of [(”2; (32 / sz)( 1/n,) + ”3; (82 / dw? Y(In(ny,)))x
I x o). The resulting DQKE is given in (4.7).



Y.V. Lvov et al./ Physica D 121 (1998) 317-343 333

4.2. Solutions and properties of the DQKE

Let us now rewrite the DQKE in the form:

. 32
N, = @W[nw]v

fermionic 4 82 1 2 32 5
w [ro]l=—1|n,— | — | +n,—Un(n,)) ) x ',
dw?

w
dw? \ ng

4.9)
2 2
WbosoniC[nw] =7 (n4 _9_ (_L) — nz)—a—z(]n(nw))) x o',
dw

“dw? \ n,

2
Wclassical[n 1=1 n4a_ L N
@ “dw? \ n,

We can now use (3.11) to calculate the fluxes P and Q in terms of n,, and its derivatives. We concentrate on the
fermionic case. There,

]
0= B—W = Ise* " (=n"Q2n — 1) —nn"(1 = n)) + I* (=20 + n'n" (1 = 20) + nn""(n — 1)),
w

P = (W — w%%) =]l - s)(-n'2(2n — D —nn"(1=n) 4.10)
— It (=20 + 0’0" (1 = 2n) + 00" (n — 1)).

Let us make a change of variablesn = 1/(G + 1) and n = 1/(e™ + 1). n, G, m are functions of w and ¢, “dot” is
used to denote differentiation with respect to time, and “prime” with respect to w. Then
. I 3? G?* - GG"
C=(01+G*—r—r s__T>
Rok?=1(dk /dw) dw? (1+G)
or

32 m"

I m
S i W N — 4.11
Qokd-1(dk/dw) (2 ) 902" 4cosh®(m/2) 1D

my, =

Since the stationary DQKE is a fourth order ODE, its solutions will have four free parameters. Indeed, assume a
steady (equilibrium) state and integrate (4.9) and (4.11) twice to get

Winel = Qw + P,

or
G—o 372 (Qw+ P)(G + 1)*
= exX] _ s
p dw? T G2
or
P
m' = %— cosh? (%) , (4.12)

where QO and P are fluxes of particle number and energy. For P = @ = 0, (4.12) trivially gives
1
expl(w — w)/T1+ 1

n(w) =
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Solutions of DKE W=Q_ L (w-w_L) 1Solutions of DKE W=P_R(1l-w/w_R)
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Fig. 2. (a) Numerical solution of (4.13). Initial conditions are n,—0.1 = fp=0.1> ":»:0. 1= fci;:O. B where f, = 1/(exp(Tw —4) + 1).
The results are shown for 10° 0L =0, 3, 6,9. The dot size indicates the value of the flux, with larger dots corresponding to larger flux;
(b) same as (a) but with (4.14) and ny—0.3 = fu=03, 7,_¢3 =/, " 0.3 The results are shown for 10°PR =0,3,6,9.

the Fermi-Dirac distribution function. Therefore we observe that the Fermi—Dirac distribution function corresponds
to a zero flux solution of the kinetic equation, consistent with our findings of the previous section.

4.3. Numerical results

We now investigate numerically the DQKE to gain an intuitive understanding of its properties.
We begin by studying the time independent solutions of (4.9) and solve (3.16) as an initial value problem with
W given by wfermionic (gee (4.9)),

2 2
OL(w — o) = wiemionic — __ g (n4 4 (ni) +n? 0 (ln(nw))) X @' (4.13)

“ 9w? ® J2

We start from @ = 0.1 and take the initial conditions to be n,—0.1 = fo=0.1, n,_g; = fi_o» Where f, is
a conveniently chosen Fermi-Dirac distribution function f, = 1/(exp (7w —4) + 1). The results are shown in
Fig. 2(a) for the range 1001 = 0,3,6,9. For Q1 = 0 we recover the Fermi-Dirac distribution function f,,.
However, for non-zero Q the distribution deviates from the Fermi-Dirac function, and the bigger the flux, the
bigger the deviation. For the same initial conditions, the graph of the number density #,, for the positive finite flux
distribution lies below that for the Fermi—Dirac distribution. Further, observe that, for the Fermi—Dirac solution, the
chemical potential  is simply the distance to the point of the inflection of n,, and the temperature is the width of
the exponential decay region. For finite positive fluxes, the distance to the point of inflection (which we call ug)
is less than pg—o = u. Likewise, Tg, the width of the n,, distribution for a finite flux is less than Tp = 7. As
fluxes become larger, the finite flux equilibrium distribution becomes more and more like a Heavyside function with
rapidly decreasing p g. This means that n,, is very small for all @ > 1o and thus the system can be pumped in this
region with little or no Pauli blocking. We exploit this in Section 5 where the application to semiconductor lasers
is considered.

In semiconductor lasers, it is the finite temperature effect of broadening the Fermi-Dirac distribution that con-
tributes to inefficiency. If one could operate at T = 0, then one could simply choose the chemical potential, related
to the total carrier number (see, e.g., [24]), so that the distribution cuts off immediately after the lasing frequency.
However, the finite temperature broadens the distribution and means that one has to pump momentum values which
play no role in the lasing process. The effect of the finite flux is to make T effectively smaller.
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Distribution for Different Fluxes

Relaxation to Fermi-Dirac distribution

n(w)
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Fig. 3. (a) Time evolution of the distribution function as described by (4.9), with boundary conditions P = Q = 0 at both ends.
The initial distribution (thin line) relaxes to a Fermi—Dirac state (thick line). Several intermediate states are shown by long-dashed and
short-dashed lines; (b) same as (a), but for P = 0, Q = Q; > Qy at both ends. The initial distribution function (thick line) relaxes to
finite- Q-equilibria as shown by the long-dashed line (only the final steady state is shown). Also shown are the results for the boundary
conditions P = 0, Q = Q; > Qg at both ends (short-dashed line) and for P =0, Q = Q7 > Q) at both ends (dotted line).

We next solve (3.17) for the steady state solutions in the larger momentum region with Jy/fermionic;

- 32 (1 32
fermionic __ 4 2
W= PR(I - w/a)R) = We one = (nw——awz (a) + nwm(ln(nw))) x . (4.14)
We start from @ = 0.3 with initial conditions n,—93 = f»=03, n;=0_3 = l:)=0.3. The results are shown in

Fig. 2(b) for the range of 10* Pr = 0, 3, 6, 9. Again, we recover the Fermi-Dirac function for zero flux, and observe
a similar deviation from thermodynamical equilibrium for non-zero fluxes, namely the effective chemical potential
and temperature diminishes with increasing of the flux value Pg.

We then consider the time evolution of the distribution function as given by the DQKE. The fundamental property
of the kinetic equation that any distribution function relaxes to its thermodynamical equilibrium value in the absence
of forcing (pumping/damping) is also true for the DQKE, as illustrated in Fig. 3(a). There an initial distribution
function, shown by a thin solid line, relaxes to the FD function, shown by a thick solid line, through several
intermediate states shown by dashed lines. Since there is no forcing to the system, we take “fluxless” boundary
conditions P = Q = 0 in (4.11) on the boundaries, so that no particles or energy cross the boundaries. The
distribution relaxes to the FD distribution roughly by the time 7rejax, Which can be estimated as w,(,%a}’) JI(n+ n?)),
where wax is the frequency where distribution approaches zero value. To check that the final distribution is indeed
FD, we calculate In(1/n,, — 1) and verify that it is a linear function. The total particle number N and energy E are
conserved in our numerical runs to an accuracy of 107,

We then address the question of what is the steady (equilibrium) solution when the system has some external
forcing. To model the forcing, we specify some positive flux of Q on the boundaries, and wait for the distribution
to reach a new equilibrium, a hybrid state with a constant flux of Q, a zero P flux, energy E and particle number
N (see, Fig. 3(b)). The more the flux of number of particles is, the more the final distribution is bent in the
manner of Fig. 2 and according to (4.12). The total particle number N and energy E are the same for all curves on
Fig. 3(b).
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5. Application to semiconductor lasers

We will now investigate the relevance of finite flux solutions in the context of semiconductor lasers. In many
ways, semiconductor lasers are similar to two level lasers in that the coherent light output is associated with the
in-phase transitions of an electron from a higher to lower energy state. In semiconductors, the lower energy state is
the valence band, from which sea electrons are removed leaving behind positively charged holes. The higher energy
state is the conduction band. The quantum of energy released corresponds to an excited electron in the conduction
band combining with a hole directly below (because the emitted photon has negligible momentum) in the lower
band.

However, there are several important ways in which the semiconductor laser differs from and is more complicated
than the traditional two-level laser model. First, in order for there to be lasing, there must be both an electron and
hole available at the same momentum (and spin) value, whereas, in the traditional two-level laser, the ground state
is always available for an excited electron. As a result, the excitation levels of both electrons and holes must be
above a certain level. Second, there is a continuum of transition energies parametrized by the electron momentum
k, and the laser output is a weighted sum of contributions from polarizations corresponding to electron-hole pairs at
each momentum value. In this feature, the semiconductor laser resembles an inhomogeneously broadened two-level
laser. Third, electrons and holes interact with each other via Coulomb forces. Although this interaction is screened
by the presence of many electrons and holes, it is nonetheless sufficiently strong to lead to a nonlinear coupling
between electrons and holes at different momenta. It is this effect that gives rise to the coupling coefficient T, k,k;
of the earlier sections of this paper. The net effect of these collisions is a redistribution of carriers (the common
name for both electrons and holes) across the momentum spectrum. In fact it is the fastest (= 100 fs.) process (for
electric field pulses of duration greater than picoseconds) and because of this, the gas of carriers essentially relaxes
to a distribution corresponding to an equilibrium of this collision process. This equilibrium state is commonly
taken to be that of thermodynamic equilibrium for fermion gases, the Fermi-Dirac distribution characterized by
two parameters, the chemical potential « and temperature T, slightly modified by the presence of broad-band
pumping and damping. However, as we have shown, in situations where there is applied forcing and damping and
in particular where these processes take place in separate regions of momentum space, the finite flux equilibria are
more relevant.

In the semiconductor laser the applied forcing is usually the electrical pumping process. The low-energy sink is
the actual lasing process, i.e., stimulated emission at the laser frequency. The high-energy sink has contributions
from a variety of processes. One contribution is due to the fact that some of the charge carriers with high kinetic
energies can leave the optically active region, and therefore, contribute to the electrial pumping current without
contributing to the light amplification. Other processes acting as sinks are less well-localized at high energies. They
are distributed over an extended range of momentum values. Examples are non-radiative recombination of electron—
hole pairs mediated by impurities, dislocations, interface roughness, etc. In addition, Auger processes contribute
significantly to the damping (i.e., loss) of charge carriers.

Aithough it is beyond the scope of this paper, we would like to mention that, for a complete description of
relaxation and thermalization processes in semiconductor lasers, one would also have to take electron—phonon
scattering into consideration. This interaction insures that the temperature of the electron-hole plasma is driven
towards the lattice temperature. The main electron—phonon interactions involve longitudinal optical and acoustic
phonons. The former couple via the Frohlich interaction to the charge carriers and typical thermalization times
are almost as short as those due to carrier—carrier interaction in semiconductor lasers (within a factor of about 5).
Much slower (3—4 orders of magnitude) is the deformation potential coupling with acoustic phonons. Making the
assumption that the electron—¢lectron interaction dominates over electron—phonon interactions, we proceed now
and investigate the role of equilibrium distributions other than Fermi-Dirac distributions in laser performance. As
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we have shown in previous sections, there are finite flux equilibria, for which there is a finite and constant flux of
carriers and energy across a given spectral window. It is the aim of this work to suggest that these finite flux equilibria
are more relevant to situations in which energy and carriers are added in one region of the spectrum, redistributed via
collision processes to another region where they are absorbed. In conventional diode lasers, pumping is a process
in which charge carriers are injected into the depletion layer region in a p-n or p-i-n structure (see, e.g., [25]). If the
active layer is bulk-like, this process is based on a regular drift-diffusion current, whereas in quantum-well lasers
there is the additional process of carrier capture into the quantum well by means of inelastic scattering processes.
In the following we restrict ourselves to the simplest model for injection pumping that neglects the intrinsically
anisotropic aspect of injection pumping but includes the basic features of Pauli blocking effects in the pump process
[24]. Within this model, the rate of change of the carrier distribution is proportional to A (1 — ng), where the pump
coefficient Ay is taken as a Fermi function with a given density modeling the incoming equilibrated carriers, ny is
the actual carrier distribution in the active region, and (1 — ny) takes into account the Pauli blocking effects. This
means that only non-occupied states can be filled by the pump current. Since Ay is a function that extends over a
large range of k-values, we call this pump model “broad-band pumping”. In contrast to broad-band pumping one
can also pump a laser locally in momentum space. However, usually such a local pump process is narrow-band
optical pumping, but this is not commonly used to pump semiconductor lasers. There are, however, also electrical
pumping schemes available, which are based on tunneling processes, and which, in principle, can allow for selective
and localized pumping and damping (see, e.g., [26]).

In the following we will examine the laser process and discuss, in particular, the influence of the pumping process
and its relation to the equilibrium distribution function in stationary laser operation. We base our numerical solutions
on a greatly simplified laser model. We assume that the distribution functions for electrons and holes are identical
(in other words, we assume electrons and holes to have identical effective masses); we model the cavity losses by
a simple phenomenological loss term in the propagation equation for the light field amplitude; we assume ideal
single-mode operation; we make the rotating wave approximation in the equation for the distribution functions and
the optical polarization function py; we neglect all electron-hole Coulomb correlations (the so-called Coulomb
enhancement, see, e.g., [24]); we neglect bandgap energy renormalization; and we neglect, as mentioned above,
electron—phonon interaction. In spite of the approximations made, our model still captures the basic processes in
a semiconductor laser. The equations of motion (a form of the semiconductor Maxwell-Bloch equations, see, e.g.,
[24,271) read:

de 2V
—_— =l dk — , 5.1
or ~ 2e an)d /Mkpk YE® (5.1
5 .
T = (2 — il ~ yp)pr = 22k = De. (5.2)
ony ong i
— = Ac(I — ) ~ yeng + (——) — — (ukpre* — pipre). (5.3)
ar at collision 2n

Here e(¢) and py () are the electric field and polarization (at momentum k) envelopes of the carrier wave exp(—i1£2¢+
iK z), where £2 is the cavity frequency (we assume single mode operation only) and ny is the distribution function for
electrons and holes. The constants yg = 6 x 10'%/s7!, yp = 1013/5~! model electric field losses and polarization
decay (dephasing), g is the dielectric constant, p; is the weighting accorded to different k momentum values and
is modeled by uy = pi—=o/(1 + €x/€gap), tk=0 = 3/10'% Me, e is the electron charge, 3, = 10'%s~! represent
non-radiative carrier damping. In (5.3), A, is the pumping due to the injection current (taken to be between 0.001
and 0.01 ps_l) and in (5.2) hay = €gap + €ck + €n.x. We further assume that all fields are isotropic and make a
convenient transformation from & (= |k|) to w via the dispersion relation w = w(k) defining the carrier density
ne = n(k(w)) and approximate the collision term (374 /9t )collision = (BFk(w)/ 8t )collision DY the differential kinetic
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Fig. 4. Time dependence of distributions (a) and laser intensity (b) according to (5.1)—(5.4). Local-band pumping is modeled by specifying
the carrier and energy flux rates Q1 and Py = —wy Q| atthe right (wg ~ 200 meV) boundary. The initial distribution function (shown by
a thin line in this and consequent figures) evolves through a number of intermediate states shown by dashed lines, until the laser switches
on. The final (steady) distribution function is shown by a thick solid line (in this and subsequent figures). Time is given in units of the
relaxation time 7re1ax = 100 fs on this and subsequent figures. The laser fails to switch on in the broad-band pumping case for these levels
of pumping.

expression (4.7):

M) 1 32 LA , 8? S
(5 =~z 30 (72 (1) gzt ] 0
We choose the value of the constant I to ensure that a solution of (5.4) relaxes with relaxation time of 100fs to its
equilibrium value and s is taken to be 7.

We now compare the laser efficiencies in two numerical experiments in which we arrange to: (i) Pump broadly
across a wide range of momenta, so that the effective carrier distribution equilibrium has zero (or small %) flux. We
take the pump profile to be given by the Fermi-Dirac distribution. (ii) Pump carriers and energy into a narrow-band
of frequencies about wp and simulate this by specifying carrier and energy flux rates Q| and P = —w QL at the
boundary w = wp. Py is chosen so that the energy absorbed by the laser is consistent with the number of carriers
absorbed there. w = wy, < wy is the frequency at which the system lases. We compare only cases in which the total
amount of energy supplied is approximately the same. Owing to the distribution of the supply, the particle number
in the broad-band pumping has to be higher.

In the first numerical experiment, we show that for a very small amount of pumping the laser operates for the
narrow-band pumping, while it fails to operate in the broad-band pumping case (i.e., the threshold pumping value
for narrow-band pumping is much lower than in the broad-band case). The carriers supplied through the pumping
process get totally absorbed by the global damping —yny in the broad-band pumping case. There no lasing occurs.
In the local-band pumping case, for the same amount of energy and lower amount of particle supplies, the laser
operates. This is the qualitative difference between two cases.

3 Even for broad-band pumping the small amount (much smaller than in local band pumping) of P and Q fluxes is also excited, because
the form of the pumping f; gets effectively multiplied by the Pauli blocking (1 — ng ) term. But these fluxes are much smaller and relatively
local in & space.
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Fig. 5. Same as in Fig. 4 but for increased pump rate: (a) broad-band pumping; (b) narrow-band pumping with wp >~ 200 meV.

The results of this numerical experiment are presented in Fig. 4. The narrow-band pumped laser switches on and
generates a non-zero output power. We pump in the narrow region around wop =~ 200 meV and we model this by
specifying the boundary conditions at wy to correspond to carrier and energy flux rates QL and P, = —wLQL,
respectively. The initial value of the distribution function (shown by a thin line), taken to be just below the lasing
threshold, builds up because of the influx of particles and energy from the right boundary (dashed lines) until the
laser switches on. The final (steady) distribution function is shown by a thick solid line and corresponds to a flux of
particles and energy from the right boundary (where we add particles and energy) to the left boundary, where the
system lases (Fig. 4(a)). The output power as a function of time is also shown (Fig. 4(b)). Time is measured in units
of relaxation times Trelax = 100 fs. In the contrast, the broad-band pumped laser fails to switch on for such weak
pumping.

We then increase the level of pumping, to a point where the laser turns on for both the broad-band and narrow-band
pumping cases, and examine the output power in both cases. It turns out that for the same amount of energy pumped, 6

6 More carriers are pumped in the case of broad-band pumping because of the pump distribution. Because there are fewer carriers in the
narrow-band pumping case, the “effective” chemical potential also decreases, which increases efficiency.
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and for almost the same amount of carriers pumped the output power in the narrow-band case is significantly higher
than in the broad-band case. The results are presented in Fig. 5. We first pump broadly, so that the effective carrier
distribution has (almost) zero flux. The initial distribution function (thin line, Fig. 5(a)) builds up because of a global
pumping (dashed lines) until the laser switches on. The final (steady) distribution function is shown by the thick
solid line. The output power as a function of time is also shown (Fig. 5(b)).

If we pump in the narrow region around wo =~ 200 meV and we model this by specifying the carrier and energy
flux rates Qp and P, = —w, QL, then the initial distribution function (thin line) builds up because of an influx of
particles and energy from the right boundary (dashed lines) until the laser switches on. The final (steady) distribution
function is shown by a thick solid line and corresponds to a flux of particles and energy from the right boundary
(where we add particles and energy) to the left boundary, where the system lases (Fig. 5(c)). The output power as a
function of time is also shown (Fig. 5(d)).

These results certainly suggest that the possibility of using narrow-band pumping and the resulting finite flux
equilibrium of the QKE is an option which is worth exploring further.

6. Conclusions

We have shown that, for weak coupling, the full BBGKY hierarchy of operator equations has a natural asymptotic
closure consistent with Hartree—Fock factorization and complex frequency renormalization.

We have demonstrated that the QKE has a new class of steady (equilibrium) solutions which carry constant
fluxes of particles and energy across momentum space. We have explored these solutions by using the differential
approximation to the collision integral.

We have then applied these ideas to semiconductor lasers and shown that the output power is much higher when
the finite flux equilibrium is excited. While we do not claim that, if we take all effects into account, the advantages
of narrow-band pumping will necessarily remain, we do suggest that the evidence suggests that it is a possibility
worth pursuing further.
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Appendix A. Diagrams

In this section we present simple diagrams which can help one to visualize the definition of cumulants. These
diagrams are only meant as an aid to visualize the correlation contribution and should not be confused with other
diagrams such as Feymann diagrams. The following pictures are intended to illustrate the ways to factorize N334,
N123456 and Ni2345678. Let us denote by square boxes operator averages according to (2.9), so that two connected
arrows present p (2 operator expectation value), and
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4 | 1
Nigzg =
3 2

Let us present cumulants in the form of vertices, with incoming arrows representing the arguments of annihilation
operators, and the outgoing the arguments of creation operators. Then the second order cumulant (which is the same
as the two operator average) is represented by two arrows:

1 M
p1o; =

The fourth order cumulant is represented by four arrows:

—

Pr23s =

(&)

so that the definition of fourth order cumulant P;334 is
Ni23a = p102(838) — 8383) + P123adis. (A.1)

This partition can be represented graphically as

Qm_i‘\ﬁ’l\./*ls
! N N N

Owing to the commutation relations (2.1), if we interchange two indices corresponding to two creation or two
annihilation operators, the average should change its sign, e.g., N1234 = —Na134. The definitions of cumulants
should not contradict this property, so each product of lower order cumulants should be either positive or negative,
depending upon whether it corresponds to an odd or even permutation. This explains the negative sign in the form
of p; p28§831 term in (A.1). Similarly, the definition of the sixth order cumulant Q23456 is

Ni2sase = p1o2p3 - ( 83(828¢ — 816%) + 83828} — 838¢) + 83(8585 — 8;82) )
+ P3[+P125652551§ - 7’12465§ 8i2 + 731245323‘@ ]
+ p2[—P1356828L3 + Pr134682853 — P13as62643]

+ o1+ P2356848%8 — Paaasdidls + Prasi833] + Q12345682 (A2)
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This partition can be represented as
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Again, because of the commutation relations (2.1), if we interchange two indices corresponding to two creation
or two annihilation operators, the average should change its sign, e.g., N123456 = —N213456. The picture below
illustrates a simple algorithm of counting the parity of permutation by counting the number of crossing between lines

connecting different arguments. In the example below, one sees that the parity of n 18; Pa346 term in the expansion
of Nia14s6 is odd (because of the odd number of crossings), so the product is negative.

NN
LIV

In the same manner, the definition of Q12345678

Ni2345678 = plpzp3p4(5g523728§ + - )02 Q1236788% +

+ P3asePi21s + - - - + Ri2345678

can be presented as
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(A.3)
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Owing to the large amount of terms in this case, we show only schematically the factorization of Ny345678'.
One has to choose all possible permutations of indices, corresponding to different topologies putting “annihilation”
arguments to the incoming and “creation” arguments to the outgoing arrows.
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