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PACS 47.27.-i – Turbulent flows
PACS 68.03.Kn – Dynamics (capillary waves)

Abstract – We demonstrate that in wave-turbulent systems, an inverse energy flux can be formed
in addition to the conventional direct energy flux if large-scale wave damping is present. Such
a bi-directional energy cascade can be understood in terms of the wave energy transfer on the
temperature wave background. The formation of the bi-directional cascade provides an effective
mechanism for global coupling between the scales where the turbulent fluctuations at small scales
are affected by the wave distribution at large scales due to the total energy conservation. We
discuss physical systems where this scenario is realized.

Copyright c© EPLA, 2015

Introduction. – Turbulence appears in many systems
ranging from planetary vortices to quantum systems [1–3].
In addition to vortex turbulence familiar to everyone
and, probably, first sketched in classic works by Leonardo
da Vinci [4], turbulence can also form in a system of
waves [2,5]; the latter is termed wave, or weak turbulence.
Classic examples of wave turbulence are ensembles of grav-
ity wind-generated surface waves in an open sea [3] and
capillary surface waves [6–9]. Wave turbulence also forms
in various nonlinear systems including interstellar plas-
mas [10], optical waveguides [11], phonons in solids [12],
Bose-Einstein condensates (BECs) of ultra-cold atoms [13]
and of excitons in semiconductors [14], interacting sound
waves in superfluid liquids [15], and vibrating plates [16],
to name a few.

A wave-turbulent ensemble is described by the kinetic
equation [2,5]

∂n(k)
∂t

= St[n(k)] + Γ(k), (1)

where the nonlinear dynamics for the pair correlation func-
tion for wave amplitudes in the K-representation, n(k), is
captured by the collision integral St[n(k)], and Γ(k) ac-
counts for the energy injection (Γ(k) > 0) and damping
(Γ(k) < 0). In analogy with vortex turbulence [1], the
wave turbulence dynamics is controlled by fluxes of the in-
tegrals of motions of the underlying physical systems [2,5].

For decaying waves (∂2ω(k)/∂k2 > 0, where ω(k) is a lin-
ear dispersion relation with k to be a wave vector), the
only integral of motion of eq. (1) is the wave energy. The
respective steady state is the direct Zakharov spectrum,
which carries the wave energy through the scales from the
pumping scales towards the small-scale domain [2,5].

It has recently been found in experiments with capil-
lary waves on the fluid surface [17] and with nonlinear
sound waves in superfluid helium [15] that, in contrast to
the conventional wisdom, under certain conditions the en-
ergy in the turbulent spectrum can simultaneously flow
to the high- and low-frequency spectral domains from the
pumping scales. In other words, a bi-directional energy
cascade can form in a nonlinear wave system. However,
despite these observations are supported by direct numer-
ical modeling of the specific systems [15,17], the reason
for a bi-directional energy cascade formation has not yet
been clearly understood. The formation of a bi-directional
energy cascade has been recently observed also in direct
numerical simulations of vortex turbulence [18,19].

In this paper, we show that a bi-directional energy cas-
cade can be understood as a perturbation of the thermal
Rayleigh-Jeans distribution at low frequencies, whereas
at high frequencies it coincides with Zakharov direct cas-
cade. It is found that the bi-directional energy cascade
forms if wave damping is presented in both high- and low-
frequency domains.
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When low-frequency damping is presented, the respec-
tive low-frequency wave amplitudes are suppressed and an
inverse energy flux towards the low-frequency domain is
formed to restore the thermodynamic equilibrium at fre-
quencies lower than the pump frequency.

Bi-directional cascade in scale-invariant wave
systems. – For waves with the decay dispersion law, the
collision integral reads [2,5]

St[n(k)] =
∫

ddk1ddk2[R(k,k1,k2)

−R(k1,k,k2) − R(k1,k2,k)], (2)

where R(k,k1,k2) = π|V (k,k1,k2)|2δ(k − k1 −
k2)δ(ω(k) − ω(k1) − ω(k2)[n(k1)n(k2) − n(k)(n(k1) +
n(k2))], V (k,k1,k2) is the matrix element of the wave
interaction, Dirac deltas account for the conservation of
the linear momentum (wave vector) and the energy (fre-
quency), d is the dimensionality of space.

In many systems, the frequency and the interaction
matrix elements are scale-invariant functions

ω(λk) = λαω(λk),
V (λk, λk1, λk2) = λmV (k,k1,k2), (3)

where λ is a dilatation factor, and α and m are the respec-
tive scaling indices. In this case the kinetic wave equation,
eqs. (1) and (2), has a steady-state scale-invariant turbu-
lent solution, Zakharov spectrum,

n(k) = CP 1/2k−s, (4)

where P is the energy flux, C is the positive Kolmogorov
constant, and s = d + m is the scaling index [2]. The
spectrum (4) is formed in the inertial range of frequencies
(Γ(k) = 0). Since P > 0, the spectrum (4) carries the en-
ergy flux towards the high-frequency spectral domain and
hence, it forms at frequencies higher than a characteristic
energy pump frequency. The spectrum (4) is a wave ana-
logue of the Kolmogorov spectrum of vortex turbulence [1].

For an ideal, non-dissipative system, an equilibrium
Rayleigh-Jeans spectrum

neq(k) =
T

ω(k)
(5)

is established at the scales larger than the energy injection
scale with T to be the effective temperature [20]. In most
systems, one has s/α > 1 thus, the turbulent solution
decays faster than the equilibrium one with growing wave
vector k.

A general form of the wave distribution can be restored
from the dimensional arguments that gives [2]

n(k) =
T

ωk
g

[
P

(
Cωk

Tks

)2
]

, (6)

where the function g(x) = 1 + c1x at x → 1 and
g(x) ∝ x1/2 at x → ∞, where c1 is a constant. By using

the Kraichnan-Zakharov conformal mapping k2/k1 → k1,
kk2/k1 → k2 in the second term in the integral in eq. (2)
and kk2/k1 → k1 and k2/k1 → k2 in the third term in the
integral, one can show that, in a system close to equilib-
rium (i.e., for a small flux P ), the steady-state distribu-
tion, eq. (6), reads

n(k) =
T

ω(k)
+ const Pkα−2(m+d). (7)

We note that, in contrast to eq. (4), in the perturbed ther-
mal distribution (7) the flux P can be positive or neg-
ative and then, the wave energy can propagate in both
directions.

Differential approximation. – It follows from the
kinetic equation (1) that in the inertial range the wave en-
ergy density in K-space, E(k) = π(2k)d−1ω(k)n(k), obeys
the continuity equation

∂E(k)
∂t

+
∂P

∂k
= 0. (8)

In what follows we consider isotropic turbulence. If the
integral St[n(k)] converges, the expression for the en-
ergy flux can be approximated as a differential operator
that yields the results, which are in a good agreement
with the “exact” theory or direct numerical simula-
tions [8,11,21,22]. In this approximation, the energy flux
is the following:

P = −aω
2(d+m)

α nω
∂

∂ω
(ωnω) , (9)

where a is a positive constant. From eqs. (8) and (9)
it follows that the isotropic wave distribution obeys the
kinetic equation

∂nω

∂t
=

1

ω
d
α

∂

∂ω

[
nωω

2(d+m)
α

∂

∂ω
(ωnω)

]
+ Γ(ω). (10)

Here, we normalized time by the dimensional constant,
t → a−1t, so that we set a = 1. We also expressed the
wave distribution via the frequency ω with the help of
the dispersion relation, nω = n(k)|k=k(ω). The first term
in the right-hand side of eq. (10) presents the differential
approximation of the “full” collision integral St[n(k)] in
eq. (1). The spectra (4) and (5) are solutions of the steady-
state equation (10) in the inertial range of frequencies.
Equation (10) predicts the same frequency dependence of
the characteristic turbulent relaxation time as the exact
kinetic equation, τ(ω) ∝ ω1− 2m+d

α n−1
ω . The Kolmogorov

constant estimated from eq. (9) is C = (s/α − 1)−1/2.
For instance, for capillary waves (d = 2, α = 3/2, m =
9/4 [2]), this gives C =

√
6/11 ≈ 0.74.

The steady-state solution of eq. (10) in the inertial
range, Γ(ω) = 0, is

nω = ω−1
√

T 2 + C2Pω2(1− s
α ). (11)
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(b)

(c)

(d)

(a)

Fig. 1: Formation of a bi-directional energy cascade of capillary waves with rising the low-frequency damping coefficient from
γlf = 0 to γlf = γhf . (a) Main plot: the compensated spectrum ωnω numerically calculated from eq. (10) for γlf = 0, ωp = 1.21
and γp = γhf = 1 in the used dimensionless units. Inset: the compensated spectra with γlf/γhf = 1 for ωp = 1.21 (points) and
for ωp = 1.33 (a solid curve). In the simulations, the data were discretized in u-scale; we used the predictor-corrector Adams
method with the maximum number of numerical points of 200. (b) The energy flux, eq. (9), as a function of the wave frequency
ω, calculated from nω. Points: ωp = 1.21; curves: ωp = 1.33. The numbers at the curves show the respective value of γlf/γhf .
Lines connecting the points are shown to guide the eye. The plateaus in (b) correspond to the formation of a constant direct
energy flux (P ′ > 0) at ω > ωp and of an inverse energy flux (P ′′ < 0) at ω < ωp. (c) Dependence of the direct energy flux, P ′,
and of the inverse energy flux, |P ′′| ≡ −P ′′, on the low-frequency damping coefficient γlf for ωp = 1.21. The inverse flux P ′′ �= 0
builds up if γlf > 0. The inset in (d) shows the total energy flux P ′ + |P ′′| outcoming from the pumping spectral domain.
Independence of the total flux on low-frequency damping reflects the energy conservation in the wave system. (d) Main plot
(filled circles, left scale): dependence of the effective temperature T of low-frequency turbulent distribution on γlf obtained by
fitting of the numerical spectrum nω with eq. (11). Unfilled diamonds, right scale: dependence of the dimensionless parameter
x, eq. (14), on γlf/γhf for ωp = 1.21.

It reproduces the equilibrium spectrum (5) for P = 0 and
the turbulent spectrum (4) at T = 0. For small flux P ,
the spectrum can be found by expanding (11), that gives

nω ≈ T

ω
+

(
C2P

T

)
ω1− 2s

α . (12)

This expansion coincides with the solution (7) obtained
for the full kinetic equation (1).

To characterize the conditions, under which the bi-
directional cascade can be formed, we numerically stud-
ied the wave kinetic equation (10). For this purpose, the
steady-state equation (10) (ṅω = 0) was rewritten in the
variables f = (ωnω)2, u = ω−2/C2

as follows:

fuu + γ(d)(u)f1/2 = γ(p)(u), (13)

where the subscript u denotes the derivative, γd(u) de-
scribes linear wave damping and γp(u) accounts for the
wave energy pump. We normalize the wave frequency to

the minimum frequency in the system, ω/ωmin → ω; the
dimensionless frequency range ω ∈ [1,+∞) is mapped to
the range u ∈ (0, 1]. In what follows, we consider a model
when the pump term and the low- and high-frequency
damping terms are described by a normalized Lorentzian
function L(u, u0) = Δu2/[(u − u0)2 + Δu2] centered in
the middle and at the edges of the inertial range, respec-
tively, γ(p)(u) = γpL(u, up), γ

(d)
lf (u) = γlfL(u, 1), and

γ
(d)
hf (u) = γhfL(u, 0), with γp and up to be the pump rate

and scale (0 < up < 1), and γlf and γhf to be the low-
and high-frequency damping coefficients. The total damp-
ing was represented by a sum of low- and high-frequency
damping, γ(p)(u) = γ

(d)
lf (u) + γ

(d)
hf (u), and the width of

the Lorentzian function was taken equal to a small value
Δu = 0.025. Equation (13) has been numerically solved
with zero-flux boundary conditions at the edges of the nu-
merical interval, fu(0) = fu(1) = 0.

Figure 1(a) (points) shows the result of the numerical
solution of eq. (13) for capillary waves shown in ω-scale
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for the pump frequency ωp = u
−C2/2
p ≈ 1.21 in units of

ωmin. It is seen that, if low-frequency damping is absent
(γlf = 0), the obtained numerical solution represents the
thermal spectrum ωnω = const ≡ T at ω < ωp in agree-
ment with refs. [17,20]. At high frequencies, ω > ωp, a
conventional direct-flux Zakharov solution (4) is formed.
In the presence of low-frequency damping, γlf/γhf = 1,
the compensated wave spectrum ωnω is as a hump-like
function with the maximum positioned at ω = ωp.

Figure 1(b) shows the energy flux calculated with eq. (9)
from the numerical spectrum nω for three different val-
ues of γlf . It is seen that in the high-frequency inertial
range ω > ωp, the energy flux is equal to a positive con-
stant value that corresponds to establishment of the direct
wave-turbulent cascade in the system. In the presence of
low-frequency damping, γlf > 0, a constant, negative en-
ergy flux is also formed in the low-frequency inertial range
ω < ωp. This negative flux carries the wave energy from
the pump scales towards the low-frequency scales where it
is absorbed by low-frequency damping. In other words, the
bi-directional energy cascade is established if wave damp-
ing is present at both the low and high frequencies. We
will denote the energy fluxes towards the high- and low-
frequency domains as P ′ > 0 and P ′′ < 0, respectively, as
marked in fig. 1(b) by horizontal arrows.

Figure 1(c) shows the magnitudes of the direct and
inverse fluxes calculated from the data similar to those
shown in fig. 1(b) as functions of the low-frequency damp-
ing coefficient γlf ; all other parameters are kept fixed. It
is seen that the inverse flux |P ′′| is increased with rising
γlf (filled diamonds). At the same time, the direct energy
flux P ′ is decreased (unfilled squares). The total energy
flux P ≡ P ′+ |P ′′| carried out from the pump frequency is
constant (inset in fig. 1(d)), that reflects the energy con-
servation in the system.

We also determined the effective temperature T of the
low-frequency wave distribution (ω < ωp) by fitting the
numerical results for nω with eq. (11). The dependence
of T on low-frequency damping is show in the main plot
of fig. 1(d) (left scale). It is seen that the effective
temperature is a decreasing function of the damping co-
efficient γlf . This can be understood as follows. Wave
turbulence is characterized by fluctuations of the wave
amplitudes at a given frequency, Aω, with the probability
w(Aω) ∝ exp(−|Aω|2/2nω) [23]. Additional damping re-
sults in the decrease of the wave amplitudes (see fig. 1(a))
and hence, in smaller fluctuations of the wave amplitudes
about the mean. The decrease of the fluctuations can be
considered as an effective “cooling” of the wave system.

We found that whereas the steady-state distribution nω

depends on the pump frequency, the fluxes P ′ and P ′′ and
the temperature T at ω < ωp do not depend on the pump
frequency and are only controlled by damping at the edges
of the inertial range. While the distribution nω changes
with increasing pump frequency from ωp = 1.21 (filled
diamonds) to ωp = 1.33 (a solid curve in fig. 1(a)), the

Fig. 2: Evolution of the steady-state capillary-wave spec-
trum with rising low-frequency damping from γlf = 0 to
γlf = 0.05γhf calculated from the full kinetic equation,
eqs. (1) and (2). To make the data more visible, the spec-
trum nω for γlf = 0.05γhf is reduced by the factor of ten.
The dashed lines show the thermal Rayleigh-Jeans spectrum
nω ∝ ω−1 and Zakharov spectrum nω ∝ ω−17/6. It is seen
that the spectrum deviates from the thermodynamic equi-
librium nω ∝ ω−1 as low-frequency damping grows. The
data were obtained by iteratively solving the steady-state ki-
netic equation St[n(k)] + Γ(k) = 0 in the spectral domain
ωmin ≤ ω ≤ ωmax where ωmin = 1 and ωmax = 200 in
the used numerical units. The source-damping term was set
equal to Γ(k) = γ(p)(ω(k)) − γ(d)(ω(k))nω. Pumping was
modeled as γ(p)(ω) = γpL(ω, ωp) with the pump frequency
ωp = 100ωmin. Total linear damping was set equal to a sum
of low- and high-frequency Lorentzian-shaped damping terms,
γ(d)(ω) = γ

(d)
lf (ω) + γ

(d)
hf (ω), where γ

(d)
lf (ω) = γlfL(ω, ωmin)

for ω < ωp and γ
(d)
hf (ω) = γhfL(ω, ωmax) for ω > ωp with

γlf and γhf to be the low- and high-frequency damping co-
efficients. The width of the Lorentzian function was set as
Δω = ωmin; the matrix element in eq. (2) was taken equal
to V (k, k1, k2) = ε

p

ω(k)ω(k1)ω(k2) with the dimensionless
nonlinearity ε = 2 × 10−3 [17]; the pumping rate and the
high-frequency damping coefficient were kept fixed through-
out the simulations, γp = 10−2 and γhf = 103. The numer-
ical points were evenly distributed in ω-space. The accuracy
of the solution determined as a change of the compensated
spectrum ωnω after one iteration is better than 1.5 × 10−5,
the relative accuracy for the compensated spectrum is better
than 2 × 10−6.

energy fluxes P ′ and P ′′ at the plateaus on the P (ω) curve
remain the same within the accuracy of the simulations
≤ 0.3% (fig. 1(b), curves). The effective temperature T
was also unchanged within the same accuracy of ≤ 0.3%
after ωp was changed from 1.21 to 1.33.

The wave distribution can be characterized by the
dimensionless parameter

x = C2(P ′ + |P ′′|)ω2(1− s
α )

p T−2. (14)

Dependence of x on the ratio γlf/γhf for ωp = 1.21
is shown in fig. 1(d) (right scale). It is seen that x
is increased from ∼ 0.02 for γlf 
 γhf to ∼ 0.15
at γlf = 1.8γhf . Thus, the relative contribution of
the energy flux to the over-all wave distribution grows
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Fig. 3: Inverse-to-direct flux ratio |P ′′|/P ′ vs. the ratio of
the low- and high-frequency damping coefficients. Filled di-
amonds: the differential approximation (eq. (10) and fig. 1);
unfilled circles: the full kinetic equation for the capillary wave
(eqs. (1) and (2) and fig. 2). The inverse energy flux to-
wards the low-frequency domain builds up with the growth
of low-frequency wave damping. For the full kinetic equa-
tion, the fluxes were calculated as P ′ =

R ωmax

ωp
dωγ(ω)E(ω),

P ′′ = −
R ωp

ωmin
dωγ(ω)E(ω), where E(ω) = (dk(ω)/dω)E(k(ω))

is the energy density in ω-space, k(ω) is a function inverse to
the dispersion relation [2,17]; the domain |ω−ωp| ≤ 10Δω was
excluded from the integration to ignore the effect of the direct
pumping on the flux. The numerical data can be fitted by a
power-like function |P ′′|/P ′ = b(γlf/γhf )p (dashed lines). The
fitting coefficients depend on the system parameters, in agree-
ment with ref. [17]; b ≈ 0.998 and p ≈ 0.995 for the differential
approximation and b ≈ 0.240 and p ≈ 0.467 for the full kinetic
equation.

with increasing low-frequency damping, in agreement with
above consideration.

Kinetic equation. – To further understand the in-
verse energy flux formation, we studied the wave dynamics
with the full kinetic equation, eqs. (1) and (2). In the sim-
ulations, Lorentzian-shaped damping was applied at both
edges of the numerical interval [ωmin, ωmax], and pumping
was positioned at the center of the interval. The steady-
state turbulent spectra without low-frequency damping
(γlf = 0) and with low-frequency damping (γlf > 0) are
shown in fig. 2. It is seen that, if low-frequency damping
is absent (γlf = 0, filled squares), Zakharov and Rayleigh-
Jeans distributions, eqs. (4) and (5), are reproduced in the
low- and high-frequency domains, respectively. With the
increase of the low-frequency damping (γlf > 0, unfilled
triangles), the low-frequency spectrum deviates from the
Rayleigh-Jeans asymptotics, in agreement with the above
consideration (fig. 1(a)).

To compare the results obtained for the differential
approximation (see the section above) and for the full
kinetic equation (this section), we show in fig. 3 the
dependence of the dimensionless ratio |P ′′|/P ′ on the ra-
tio of the low- and high-frequency damping coefficients
γlf/γhf . It is seen in fig. 3 that in both cases, this

dependence can be approximated as a power-like function
|P ′′|/P ′ = b(γlf/γhf )p with the pre-exponent b and the ex-
ponent p to be functions of the parameters of the system;
the latter is in agreement with the results of direct numer-
ical simulations of the surface wave dynamics, ref. [17].

Discussion and outlook. – From the above consid-
eration it follows that the bi-directional energy cascade
can form in the wave-turbulent system if damping is pre-
sented at both low- and high-frequency scales. In ac-
tual physical hydrodynamic-type systems, high-frequency
damping is usually associated with the viscous losses in the
bulk or at the surface of the systems [1,2]. The reasons
for the low-frequency damping depend on the specifics of
the system. For instance, for capillary surface waves in
a vessel, the low-frequency damping originates from the
viscous drag at the bottom or at the vertical walls of
the vessel [24]. In Bose-Einstein condensates of ultra-cold
atoms, the effective damping is caused by the condensate
depletion due to evaporation of the atomic cloud. For
turbulent Bose-Einstein condensates of excitons in planar
semiconductor heterostructures [14] the effective damp-
ing is caused by the finite lifetime of excitons due to the
electron-hole recombination.

The formation of the inverse energy cascade can prob-
ably result in the modification of the inverse wave action
cascade existing in the systems with the non-decay dis-
persion relations, e.g., for long, gravity surface waves on
the ocean surface [3]. In the latter case, the low-frequency
cascade is terminated by breaking waves that provides a
nonlinear alternative to wave damping. In other words,
the large length scale absorption mechanisms for the wave
action and the inverse energy cascades are physically the
same. This might impose a general constraint for the mag-
nitudes of the inverse energy and wave action fluxes. A
similar question on the interference of the two inverse cas-
cades arises for weak (dilute) BECs [13,25,26] where the
inverse wave action cascade is formed due to the approx-
imate conservation of the total number of the condensate
particles.

In the case of turbulence of second sound (i.e., weakly
dissipative thermal waves) in superfluid helium He-II in a
cryoacoustic waveguide, the low-frequency damping orig-
inates from the viscous drag of the normal component of
the superfluid liquid at the waveguide’s walls [15]. The
conditions of low-frequency wave generation have been
considered in [15]. However, it is known [2] that the sce-
nario for turbulence development in acoustic systems is
different from that for dispersive waves —formation of
strongly anisotropic, interacting shock waves instead of
Zakharov spectrum formation.

Since the differential approximation also presents a reli-
able model for Kelvin wave turbulence, which is quantized
vortex turbulence in superfluid liquids at low tempera-
tures [27,28], our findings can be applied to this system
—however, also with some reservations. Specifically, the
presence of the inverse cascade in this system results in
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interesting physics where a bi-directional energy cascade
might interfere with a flux of the wave action for the os-
cillations of the quantum vortex cores. Additionally, the
energy losses due to sound emission by Kelvin waves are
effective at all length scales [27] that should also lead to
the modification of the obtained results.

Conclusions. – Summarizing, we demonstrate that
the bi-directional energy cascade can be understood in
terms of the wave turbulence theory as the formation of
the direct and inverse energy fluxes on the temperature
wave background. It is shown that the account for wave
damping at large wave length scales is of key importance
in the description of the bi-directional cascade. The effec-
tive temperature of the wave system at low frequencies is
a function of the wave damping coefficient and the tem-
perature decreases when the bi-directional cascade builds
up. The formation of the bi-directional cascade provides
an effective mechanism for global coupling between the
scales where the turbulent fluctuations at small scales are
affected by wave damping at large scales due to the total
energy conservation.

The obtained results can be applied to various physical
systems, for instance, to those mentioned in the “Discus-
sion and outlook” section. In the paper, we considered
the case where the wave energy is the only conserving in-
tegral of motion. It is also of importance to understand
how the inverse energy cascade can interfere with the in-
verse wave action cascade existing in the systems with
more than one integral of motion, e.g., weak Bose-Einstein
condensates [13,26], surface gravity waves on the ocean
surface [3] and interacting sound waves in superfluid liq-
uids [29]. Since the bi-directional energy cascade can only
form on the thermal background, the role of temperature
fluctuations should also be explored for such systems.
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