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Hamiltonian Formalism and the Garrett-Munk Spectrum of Internal Waves in the Ocean
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Wave turbulence formalism for long internal waves in a stratified fluid is developed, based on a natural
Hamiltonian description. A kinetic equation appropriate for the description of spectral energy transfer is
derived, and its anisotropic self-similar stationary solution corresponding to a direct cascade of energy
toward the short scales is found. This solution is very close to the high wave-number limit of the Garrett-
Munk spectrum of long internal waves in the ocean. In fact, a small modification of the Garrett-Munk
formalism includes a spectrum consistent with the one predicted by wave turbulence.
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Introduction.—Remarkably, the internal wave spectrum
in the deep ocean has much the same shape wherever it is
observed, except when the observations are made close to
a strong source of internal waves [1]. This observation
led Garrett and Munk [2–4] to propose an analytical form
of the internal wave spectrum that approximates many ob-
servations. This spectrum is now called the Garrett-Munk
(GM) spectra of internal waves. The total energy of the in-
ternal waves may be represented as an integral over spec-
tral energy density,

E �
Z

E�k, m� dk dm , (1)

where k and m are the horizontal and vertical components
of the wave vector, respectively. Under the assumption of
horizontal isotropy, Garrett and Munk proposed the follow-
ing empirical expression for the spectral energy density:

E�k, m� �
3fNEm�m�

p�1 1
m
m� �5�2�N2k2 1 f2m2�

. (2)

Here E is a constant, quantifying the total energy content of
the internal wave spectrum, f is the Coriolis parameter, N
is the buoyancy frequency, k � jkj, and m� is a reference
vertical wave number to be determined from observations.

The dispersion relation underlying this proposed spec-
trum is that of long internal waves, with a profile rapidly
oscillating in the vertical, so that both the hydrostatic bal-
ance and the WKB approximation apply, the latter required
to make the vertical profile locally sinusoidal [1]:

v2 � f2 1 N2�k�m�2. (3)

Using this dispersion relation, the spectrum can be trans-
formed from wave-number space �k, m� into frequency-
horizontal wave-number space �k, v�, or frequency-vertical
wave-number space �m, v�. In particular, the integral of
E�k, v� over k— or equivalently, the integral of E�m, v�
over m— yields the moored spectrum,

E�v� � 2fE�p�1 2 � f�v�2�1�2v2�21, (4)

with an 1�v2 dependence away from the inertial frequency
that appears prominently in moored observations.
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The GM spectrum constitutes an invaluable tool for
oceanographers, assimilating hundreds of different obser-
vations into a single, simple formula, that clarifies the dis-
tribution of the energy contents of internal waves among
spatial and temporal scales. Yet a number of questions re-
garding the spectrum itself remain open. One is about its
accuracy: Garrett and Munk basically made up a fam-
ily of spectra, depending on a few parameters, that was
simple and consistent with the dispersion relation (3) for
long internal waves, and then fitted the parameters to match
observational data. Their success speaks of their power-
ful intuition, yet it leaves the door open to question both
the accuracy of the parameter fit, and the appropriateness
of the proposed family of spectra, necessarily incomplete,
which involved a high degree of arbitrariness. The other
question, more fundamental to theorists, is to explain or
derive the form of the spectrum from first principles. Such
an explanation should surely involve the nonlinear inter-
action among internal modes, as well as the nature of the
forcing and dissipation acting on the system [5].

In this Letter, we elucidate which spectrum the theory of
wave turbulence (WT) would predict for internal waves in
scales far away from both the forcing and the dissipation.
Wave turbulence theory (also called weak turbulence, to
contrast it to the “strong” turbulence of isotropic fluids)
applies to Hamiltonian systems characterized by a scale
separation between a fast, linear dispersive wave structure,
and its slow, nonlinear modulation.

In what follows, we assume that there is pumping of
energy into the internal wave field by the wind, by inter-
action with surface waves, or by other processes. We as-
sume that these pumping processes can be characterized
by wavelengths of the order of hundreds of meters. More-
over, we assume that the processes which remove energy
from the internal wave field, such as wave breaking, tur-
bulent mixing, multiple reflections from the surface and
bottom boundary layers, or interaction with bottom topog-
raphy, can be characterized by length scales of less than a
meter. Then there is a region of length scales, called iner-
tial interval or transparency region, where dissipation and
pumping processes are not important. It is the nonlinear
© 2001 The American Physical Society 168501-1
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wave interaction which determines the form of the spec-
trum in the region of transparency. Energy then gets
into the system of internal waves at large scales, cascades
through the inertial scales via multiple nonlinear interac-
tions, and is absorbed in the small scales by the dissipation
processes. This scenario corresponds to the Kolmogorov
spectrum of WT theory [6]. According to WT, the energy
distribution in the inertial region is defined solely by the
nature of nonlinear interactions and by the linear disper-
sion relation of the waves in the system.

Notice that, in the transparency region, the dispersion
relation is a simple power law, since jvj ¿ f. When this
is the case, and the nonlinear interaction matrix element
is a homogeneous function of its arguments, WT theory
predicts self-similar stationary solutions.

For jmj ¿ m� and jvj ¿ f, the Garrett-Munk spec-
trum (2) becomes

E�k, m� � �k2m3�2�21. (5)

The spectrum we shall obtain below using the WT formal-
ism is, instead,

E�k, m� � �k5�2m3�2�21. (6)

The small disparity in the exponents of the Garrett-Munk
spectrum and the prediction of WT theory may be attribu-
ted either to effects that WT does not capture, such as wave
interaction with shear and vorticity and wave breaking,
or to inaccuracies of the GM spectrum itself. In the last
section of this Letter, we introduce a slight modification of
GM, which yields the spectrum in (6).

Hamiltonian structure and kinetic equation.—The
“primitive” equations of motion for an incompressible,
stratified fluid, satisfying the hydrostatic approximation,
are

du
dt

1
=P

r
� 0, Pz 1 rg � 0 ,

dr

dt
� 0, = ? u 1 wz � 0 ,

where u and w are the horizontal and the vertical compo-
nents of the velocity, respectively, P is the pressure, r the
density, g the gravity constant, = � �≠x , ≠y� the horizontal
gradient operator, and
168501-2
d
dt

�
≠

≠t
1 u ? = 1 w

≠

≠z

is the Lagrangian derivative following a particle. Notice
that we are considering waves long enough for the hydro-
static balance to be valid, yet not so long to feel the ef-
fects of the rotation of the earth. This is consistent with
the scales of the conjectured transparency region described
above.

Changing to isopycnal coordinates, where the roles of the
vertical coordinate z and the density r as independent and
dependent variables are reversed, the equations become

≠u
≠t

1 u ? =u 1
=M
r

� 0, Mr � gz ,

zrt 1 = ? �zru� � 0 .

Here = � �≠x , ≠y� is the isopycnal gradient, acting along
surfaces of constant density, and M is the Montgomery
potential M � P 1 grz. We shall consider flows which
are irrotational along isopycnals; for these, it is convenient
to introduce a horizontal velocity potential f, such that
u � =f�x, r, t�, reducing the equations further to the pair,

ft 1
1
2
j=fj2 1

g
r

Z r Z r2 P 2 P0

r1
dr1 dr2 � 0 ,

(7)

Pt 1 = ? �P=f� � 0 . (8)

Here we have introduced the variable P � rMrr�g �
rzr, and, for future convenience, a reference equilibrium
value P0�r� � 2g�N2, where N2 � 2gr

0
0�z��r0 is the

square of the buoyancy frequency, and r0�z� is the refer-
ence stratification profile. The variable P, representing the
stratification length scale, is the canonical conjugate of f
under the Hamiltonian flow given by

H �
1
2

Z µ
Pj=fj2 2 g

Ç Z r P 2 P0

r1
dr1

Ç2∂
dx dr .

(9)

The first term in this Hamiltonian clearly corresponds to
the kinetic energy of the flow; that the second term is in fact
the potential energy follows from the simple calculation,
1
2

Ç Z r P 2 P0

r1
dr1

Ç2
dr �

1
2

Ç Z z

�dz 2 dz0�
Ç2

dr �
1
2

�z 2 z0�2 dr

� 2r�z 2 z0� dz 1 d

∑
1
2

r�z 2 z0�2
∏

, (10)
so that the second term in (9) is simply g
R

r�z 2 z0� dz.
The equations of motion [(7) and (8)] can be written in
terms of the Hamiltonian (9) in the canonical form,

Pt �
dH

df
, ft � 2

dH

dP
. (11)

For simplicity, we shall take the buoyancy frequency N
of the equilibrium profile to be a constant, in the spirit of
WKB, and we shall use the Boussinesq approximation to re-
place the density r in the denominator of the Hamilton-
ian’s potential energy by a constant reference value r0 [1].

Let us decompose P into the sum of its equilibrium value
and deviation from equilibrium P � P0 1 P0. Since the
linear part of the resulting Hamiltonian has constant coef-
ficients, it is natural to perform a Fourier transformation
168501-2
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in both vertical and horizontal directions. We assume that
both Fourier spectra are continuous, which is a reasonable
approximation if the wave’s vertical wavelengths are much
smaller than the depth of the ocean. Then

H �
Z µ

2
gk2

2N2 jfpj
2 2

g

2r
2
0m2

jP0
pj

2

∂
dp 2

1
�2p�3�2

3
Z

k2 ? k3P0
p1

fp2
f�

p3
d�p1 1 p2 2 p3� dp123 ,

(12)

where p is a three-dimensional wave vector p � �k, m�
and dp123 	 dp1dp2dp3.

We now introduce a canonical transformation which
transfers the equations of motion for the Fourier compo-
nents fp and P0

p into a single equation for the canonical
168501-3
variable ap . We choose this transformation so that the
quadratic part of the Hamiltonian becomes diagonal in ap .
The canonical transformation reads

fp � i

s
N

2r0mk
�ap 2 a�

2p� ,

P0
p �

s
r0mk

2N
�ap 1 a�

2p� .

Then the pair of the canonical equations of motion (11)
become the single equation,

i
≠

≠t
ap �

≠H

≠a�
p

, (13)

with the Hamiltonian,
H �
Z

vp japj
2 dp 1

1
2

Z
Vp1p2p3 �a

�
p1

a�
p2

ap3 1 ap1ap2a
�
p3

� dp11p22p3 dp123

1
1
6

Z
Vp1p2p3 �a

�
p1

a�
p2

a�
p3

1 ap1ap2ap3� dp11p21p3 dp123 . (14)

Here vp is the linear dispersion relation for the Hamiltonian (12),

vp 	 vk,m �
g

Nr0

k

jmj
,

and Vp1p2p3 is the internal wave interaction matrix element, given by

Vp1p2p3
�

µ
gN
r0

∂q
jk1j jk2j jk3j

√
k1 ? k2

jk1j jk2j

sÇ
m3

m1m2

Ç
1

k1 ? k3

jk1j jk3j

sÇ
m2

m1m3

Ç
1

k2 ? k3

jk2j jk3j

sÇ
m1

m2m3

Ç !
. (15)
The form of this Hamiltonian is typical for systems with
three-wave interactions and cylindrical symmetry. Follow-
ing wave turbulence theory, one proposes a perturbation
expansion in the amplitude of the nonlinearity, yielding, to
leading order, linear waves, with amplitudes slowly modu-
lated by resonant nonlinear interactions. This modulation
is described by an approximate kinetic equation for the
“number of waves” or wave-action np , defined by

npd�p 2 p0� � 
a�
pap0� .

This kinetic equation is the classical analog of the Boltz-
mann collision integral; it has been used for describing sur-
face water waves since pioneering works by Hasselmann
[7] and Zakharov [8,9]. The derivation of the kinetic equa-
tion using the wave turbulence formalism can be found, for
instance, in [6]. For the three-wave Hamiltonian (14), the
kinetic equation reads

dnp

dt
� p

Z
jVpp1p2

j2fp12 dp2p12p2
dvp2vp1 2vp2

dp12 ,

2 2p
Z

jVp1pp2 j
2f1p2 dp12p2p2 dvp12vp2vp2

� dp12 ,

(16)

where fp12 � np1np2 2 np�np1 1 np2 �.
Assuming horizontal isotropy, one can average (16) over

all horizontal angles, obtaining
dnp

dt
�

1
k

Z
�Rk

12 2 R1
k2 2 R2

1k� dk1 dk2 dm1 dm2 ,

Rk
12 � D21

k12d�vp 2 vp1 2 vp2�f
k
12jV

k
12j

2dm2m12m2kk1k2 ,

D21
k12 � 
d�k 2 k1 2 k2�� 	

Z
d�k 2 k1 2 k2� du1 du2 ,

Dk12 �
1
2

q
2��kk1�2 1 �kk2�2 1 �k1k2�2� 2 k4 2 k4

1 2 k4
2 .

(17)

In wave turbulence theory, three-wave kinetic equa-
tions admit two classes of exact stationary solutions: ther-
modynamic equilibrium and Kolmogorov flux solutions,
with the latter corresponding to a direct cascade of en-
ergy—or other conserved quantities — toward the higher
modes. The fact that the thermodynamic equilibrium—or
equipartition of energy—np � 1�vp is a stationary solu-
tion of (17) can be seen by inspection, whereas in order to
find Kolmogorov spectra one needs to be more elaborate.
Let us assume that np is given by the power-law anisotropic
distribution

nk,m � kx jmjy . (18)

We will find exponents x and y by requiring that (18) is
a stationary solution to (17). We shall use a version of
168501-3
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Zakharov’s transformation [8,9] introduced for cylindri-
cally symmetrical systems by Kuznetsov in [10]. Let us
subject the integration variables in the second term R1

k2 in
(17) to the following transformation

k1 � k2�k0
1, m1 � m2�m0

1, k2 � kk0
2�k0

1 ,

m2 � mm0
2�m0

1 .

Then R1
k2 becomes Rk

12 multiplied by a factorµ
k1

k

∂2622xµ
m
m1

∂212y

.
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Furthermore, let us subject the third term R2
1k in (17) to

the following conformal transformation:

k1 � kk0
1�k0

2, m1 � mm0
1�m0

2, k2 � k2�k0
2 ,

m2 � m2�m0
2 .

Then R2
1k becomes Rk

12 multiplied by a factorµ
k2

k

∂2622xµ
m
m2

∂212y

.

Therefore (17) can be written as
dnp

dt
�

1
k

Z
Rk

12

∑
1 2

µ
k1

k

∂2622xµ
m
m1

∂212y

2

µ
k2

k

∂2622xµ
m
m2

∂212y∏
dk1 dk2 dm1 dm2 . (19)
We see that the choice 26 2 2x � 2 1 2y � 1, which
gives x � 27�2, y � 21�2, makes the right-hand side of
(17) vanish due to the delta function in the frequencies,
corresponding to energy conservation. The resulting wave
action and spectral energy distributions are given by

nk,m � jkj27�2jmj21�2,

ek,m � vk,mnk,m � jkj25�2jmj23�2.
(20)

This solution [(6) of the introduction], corresponds to the
flux of energy from the large to the small scales.

This is the main result of this Letter: The short wave
part of the Garrett-Munk spectra is close to the stationary
solution to a kinetic equation hereby derived for internal
waves, based on a Hamiltonian structure appearing natu-
rally in isopycnal coordinates.

A modified Garrett-Munk spectrum.— In this section,
we show how a minor modification of the Munk-Garrett
formalism allows us to match the wave turbulence predic-
tion (6). As in [3], we introduce two functions

A�l� �
t 2 1

�1 1 l�t , B�v� �
2f
p

1

�1 2 � f
v �2�1�2v2

,

and a reference, frequency dependent wave vector �k�, m��.
In [3], m� was a constant, and k� was given by k� �
�v2 2 f2�1�2m�. However, the same formalism carries
through if one allows both k� and m� to depend on v,
provided that the condition k��m� �

p
w2 2 f2 is met. In

keeping with the spirit of self-similarity, we shall propose
that

k� � g�v2 2 f2��12d��2, m� � g�v2 2 f2�2d�2,
(21)

where d, similar to t and g, is a constant to be determined
from observations (or, in our case, from wave turbulence
theory).

Then, following [3], we propose an energy spectrum of
the form

E�k, v� � EA

µ
k
k�

∂
B�v�

k�
.

It follows from the dispersion relation that we have

E�m, v� � EA

µ
m

m�

∂
B�v�
m�

, (22)
E�k, m� �
2fNE

p

�m�m��A�m�m��
N2k2 1 f2m2 . (23)

If we pick t � 3 and d � 1�4, the asymptotic behavior
of (23) agrees with the prediction (6) of wave turbulence
theory. In [3], d was zero by default, and t � 2.5. Notice
that, independently of the choices of t and d, the moored
spectrum is always given by (4).

Conclusion.—We have found a natural Hamiltonian for-
mulation for long internal waves, and used it within the
wave turbulence formalism to determine the stationary en-
ergy spectrum corresponding to a direct cascade of energy
from the long to the short waves. This spectrum is close
to the one that Garrett and Munk fitted to available obser-
vational data. The small difference could be due either to
physical effects that the wave turbulence formalism fails to
capture or to a real necessary correction to the GM spec-
trum. We show how a slight modification of the GM spec-
trum yields results in agreement with WT theory.
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